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@ Diffusion models
@ Models and Numerical analysis
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Diffusion models Overview

General Model

ou

E—i—v(x,t)VU:AAu—kf(x,t), (x,t) € D x (0, T]

@ Spatial domain: D C RY, d=1,2,3.
o Diffusion term (Laplace operator): Au = 8X2 —|— 7 + 822.
o Velocity field: v(x, t).

@ Reaction term: f(x, t).
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Diffusion models Overview

Numerical methods for linear parabolic problems

g;l = AAu+f(x,t), (x,t)e Dx(0,T]
u(x,0) = u(x), xe€D,
uop = g(x,t),t>0.

o Diffusion term (Laplace operator): Au = % + giyg + %
e Forcing function: f(x,t).
@ Value of u on the boundary 9D: g(x, t).
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Diffusion models Overview

Hypothesis

f(x,t), g(x, t) are sufficiently smooth.

e D=DUID = [a, b] x [c,d]

b—a d—c
he,hy, | = | = .
® Ml e h,
X;:a+hxi,y;:c+hyi.

Dh={(x,y) €D:0<i<I1,0<;<J}
@ k, constant time step, N = Tk.

° u,f} = u(x;, yj, tn)
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Diffusion models Overview

Finite difference operators

Forward, backward and central difference operators

0A+ /+1,J U,A u:u,-’}—u,-”_ld-,

Ox u +2J uli%J
o AJuj=ufy —up Ay uj=uj—ul_g,

Oy U = Uy — U7y

1 1
o Af u,f} = u,fj’-+ U, Ay u u,-’} — u;}_l, Ot u,-’} = uZJrE — uZ-fE
)

C Agx uf = Ul — Uil
o Ag, uf =uljy —ul
° Agt uj = u,-’J’-Jrl — u,-'fl

A\
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Diffusion models Overview

Finite difference operators

Doble central difference operators

+ ..n n n
° Agu Uit1j — Ui—1j
+ ,n _ ,.n n
° Ag uj=uii g —uli_y
4+ ,n_ n+tl n—1
° Ay, uf = ug uj; ]
Second order central difference operators
2,0 _ .n
oéxu,-j—u,-_Hd 2u ,_1’J
2,0 _ ,n .
~',)6yu,-j—ul-’j+1 2uj —I—u,d1
2 n _ ,nt+l
° J; Ui = Uy -2 u + u
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Diffusion models Overview

Taylor series expansions

0
o Afull= ad + O(h)
/ Ox X=Xj,y=yj,t=nk
0
o A ul= - + O(h)
/ 8X X:X,-,y:yj,t:nk
0
o Soul = = + O(h?)
J 8X x:x,—,y:yj,t:nk
0
o Aoy ull = aa + O(h?)
! Ox X=X;,y=Yj,t=nk
2
° 5)% ull = @ + O(h2)
/ 8X2 X=Xj,y=yj,t=nk
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Diffusion models Overview

Euler explicit scheme (EBTCS)

Uttt = Uf+ A(n 0%+ 1y 65) Uf + K f]
0<i<l, 0<j<J, 0<n<AN.
U(’,’J- = gla,ytn), 0<Zi<|
Ulr} = g(by_,,t,,) 0<i<|
h = &lxi,ctn), 0<j<J
o= glx,d,ty), 0<j<J
.
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Diffusion models Overview

Convergence analysis.

Truncation error. Taylor expansion. Consistency
7 — 2 2
n __ u’J u’J A (57X 57}’ n £n
i =T T >t oo | U= 1
k h: = hy

n 2 2
|77 lloo < C (k + b5 + hy)

Consistent of order 1 in time 2 in space.

Stability (A(w) < 1). Von neumann analysis

We set U" = A\ el (Wxhxtwy hy)  The amplification factor is

pq =

Aw)=1—-4 (rx sin? (%) hy + 1y sin? (—y

1
rx+ryS§

2) ™)
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Diffusion models Overview

Convergence analysis.

Convergence

n__..n n

E;Jrl = (1—2 rx—2 ry) E(nU)+rx (Ei’ﬂrlJ+Ei'LlJ)+ry (EiZ+1+EiZ,1)+kTI§-’

Stability and Consistency properties give us

+1 0 2 2
IEf oo < 1EJlloo + C T (hE + K2 + k).
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Diffusion models Overview

Euler implicit scheme (IBTCS)

UPtt — A(nc 0+, 65) UPTE = UR + k]!
0<i<l, 0<j<J, 0<n<
U(S,j = gla,y,tn), 0<i<|
Ul’]' = g(byj’tn)7 0<i<|
o = glxictn), 0<j<J
b o= glxi,dta), 0<j<J
rX—A:z,r :A/j}/
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Diffusion models Overview

Crank-Nicolson Scheme (CN)

U~ ; (ndi+r o) U™ = Uj+= A(rX62+ry52)Uu+g(f +f,-;+)
0<i<l, 0<j<J, 0<n<N
Uy = &glay,t), 0<i<lI
Ui = g(byta), 0<i<I
Up = glxi,cty), 0<j<J
no= glxi,d tn), 0<j<J
k k
rx—Ahz, :Ah?

Convergence of second order in time.
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Diffusion models Overview

Neumann boundary conditions

du

on

oD

First order method

Bu L G-
© Ox ¥ TR T8
X=x0 X
8“ C[ll’j — C/j _ g"
x|, hx i

v

Second order method

Jdu G — CZy; n
= = N = 8
ox|,_ 2 hy
du - Cliy— Gy _ 0
Ox =i 2 hy Eii

”
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Diffusion models Overview

ADI schemes (Peaceman-Rachford scheme)

. A ntl 0k
U,.J.*z—u,,. - E(rxaiuij*2+ry5§u,-j+§ﬁj
A ! k
Ut Ut = 5 (KU U 4 2 A
0<i<l, 0<j<J, 0<n<N.
k k
rX—Ah2,ry*Ah2

Convergence of second order in time.
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Diffusion models Overview

Structured Population Models

@ Modeling the interaction of different population communities
in demography, epidemiology, ecology, cell kinetics, tumor g...

@ Individuals are distinguished by age, size, maturity or some
other individual physical characteristic.

@ The structure of the population at a given time, and possibly
some enviromental input as time evolves, completely
determines the dynamical behaviour of the population.

@ Mathematical models: initial-boundary value problems for a
(system) partial differential equation.

@ Independent variables: time, t, and structure variables,

x € X C Rk
@ Dependent variables: the non-negative density functions with
respect to these independent variables uj(x,t),j =1,...,m.

@ The number of individuals at time t of the (sub)populations
with individual state variables in D C X is
Jpuj(x, t)dx, j=1,...,m



Diffusion models Overview

Structured Population Models

Nonlinear first-order hyperbolic pdes (balance law)

t>0, xp<x<o0,(x =0 age-dependent models)

ou  9(g(x, (), t)u)
T ox

= —p(x, 1,(t), t)u.

o Non-negative function p(x, /,(t), t), the mortality rate.

o Non-negative function g(x, Ig(t), t), the growth rate.
g =1, age dependent models.

@ Weighted averages of the density function u are

hallin) = /OO Yu(X)u(x, t)dx, [g(t) = /00 Yg (X)u(x, t)dx.

X0 X0

@ xp > 0 is the initial magnitude of x at birth.
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Diffusion models Overview

Structured Population Models

The boundary condition (birth law),

g(xo, Ig(t), t)u(xo, t / B(x, Is(t), t)u(x, t)dx, t >0,

o Non-negative function ((x, I3(t), t), the fertility rate.

@ Weighted average of the density function u is

I5(t) = /00 va(x)u(x, t)dx.

X0

Initial condition

u(x,0) = ¢(x), x < x < o0,

e Initial x-specific distribution ¢(x).

v
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Diffusion models Overview

Structured Population Models

¥ J.A.J. Metz and E.O. Dieckmann, editors.
The Dynamics of Physiologically Structured Populations,
volume 68 of Springer Lecture Notes in Biomathematics.
Springer, Heildelberg, 1986.
An extensive study of physiologically structured population
dynamics, with discussion of the biological background of such
models.

Numerical methods.

@ Quantitative information from the model.

@ Inverse problems in which we must determine some
estimations for the growth function or the fertility and
mortality rates from the life history of the population.

@ Approximate essential parameters.
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Age-Structured Population Models
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Infinite Age Gurtin-MacCamy models Monogonont Rotifera

Outline

© Bounded Mortality — Infinite age
o Gurtin-MacCamy models
@ Reproductive Cycle of Monogonont Rotifera
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Infinite Age Gurtin-MacCamy models Monogonont Rotifera

Bounded mortality

© Demography

@ Educational planning: Interest on the prediction of births,
school-age children, ...

© Social planning: Evolution of the medium-age population:
individuals past retirement age, ...
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Infinite Age Gurtin-MacCamy models Monogonont Rotifera

Age-Structured population model

ur + uy = —p(a, l(t), t)u, 0<a<oo, t>0,
u(0, £) :/ a(a, In(t), t) u(a, t) da, t >0,
0
u(a,0) = up(a), 0<a< oo,

lp(t) = /0 vo(a) u(a,t) da, t>0, ¢=a,pn.

a, t age and time.
u(x, t) age-specific density of individuals.
1(x;

(x, Is(
lg(t), Io(t), 1.(t) weighed populations.

t), t) age-specific mortality rate function.

=)

t), t) age-specific fecundity rate function.

*]
o
(*]
*]
(]
(*]

up(x) initial size distribution.
R4
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Numerical Schemes

[ L. M. Abia, O. Angulo and J. C. Lépez-Marcos,
Age-structured population dynamics models and their
numerical solutions,

Ecol. Model. 188 (2005) 112-136.

Classification

@ Finite difference methods
@ Characteristics curves

o Discretize de set of ODEs
o Representation of the solution
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Finite Difference Methods

A is the maximum age.

@ T is the final integration time.

A
JEN, x=jh0<j<J h="5,
.

t,,:nk,OgnSN,N:[k}

Discretization of

ur + us = —p(a, L(t), t) u.

Boundary condition discretization

A
u(0,t) :/0 a(a, Io(t), t) u(a, t) da.

@ Initial condition on the grid.
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B
B
B
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Upwind method

t
tn+1
tn
t1 =k
to =
0 h A X
I Il
Xo X1 Xj—1 Xj XJ

k n n n n -
® an+1 = l'jjn+z (L/J - Ujfl)*H(vaQh('Yp,U )7t")l-/j7 J:172a"'aJ
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Infinite Age Gurtin-MacCamy models Monogonont Rotifera

Upwind method

t
tn+1
tn
t1 =k
to =
0 h A X
I Il
Xo X1 Xj—1 Xj XJ

n

k n n n c
° an+1 = ijn+z (ij - Uj*l)il‘l‘(xﬂoh(’)/;iu )7t")le J:172a"'7J

Y U0n+1 — Qh(an+1 Un+1).

0. Angulo Numerical integration of PDEs



Infinite Age Gurtin-MacCamy models Monogonont Rotifera

Upwind method

t
tn+1
tn
t1
to =0
0 h A X
I I
Xo X1 Xj—1 Xj XJ

n n k n n n n .
o U+1 U (ij 7Uj71)7/‘l‘(xj7oh(7pu)7t")ljj7 J:172a"'7J

Y n+1 Qh( n+1 Un+1)'

Notation

J
V) =>"hV

j=1
aj (U) = a(x, Qn(va

U™, t), j=0,1,...,J.
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Extrapolated Upwind method

k
n—1 n—1 n—1
Ut (ur - u)
J 1+ kM(vaQh(7p Un_l)vtn—l)’

j=1,2,...,J
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Lax-Wendroff method

t 4
t
t:il% ° ° ° ° ° 3 3 ° o 3 3
n
ty
o — I I I I I I I .
0 h _1 +1 A X
([Tl 2 Ut Il
X0 X1 Xj—1 Xj XJ
O UMI=U -5 (U —Uy) — 0 (WU, j=12,....J
2 2 2 2
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Lax-Wendroff method

t 4

tht1

0 h _1 1 A X
I z +2 I
X0 X1 Xj—1 Xj XJ
nt+i
("] Uj_g:[jj"_%_ﬁ (UJ’T_UJrLl)_gujn_%(U)Uj"_17 j=12 ,J
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Lax-Wendroff method

t 4

tht1

0 h _1 1 A X
I z +2 Il
X0 X1 Xj—1 Xj XJ
nt+i
("] Uj_g:an_%—ﬁ (UJ’T_UJrLl)_guj’j_%(U)Uj"_17 j=12 ,J
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Lax-Wendroff method

Monogonont Rotifera

t 4

tht1

, ' S
T2
° Uj“:o

@ Uit = Qu(a™tumth).
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Lax-Wendroff method. Notation.

Mf_%(U)=u<X,-,%,Qh (’yuU"),tn>,j:1,2,...,J,
5 =1 0atx), Uy =1 (U +U7), =12 ]

1
2

J
n h n n
)= 5 (ilg-1) Ula + () Uf), s = m e

)

=

5
c

.
I
iR

of (U) = a (5, Qu(70 U, ta), j = 0,1, J.
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Box method

t
tn+1
tn+% .
=
weodb o LT LT .
0 h X._1 A X
I 2 I
Xo X1 Xj—1 Xj XJ
pur+DUr, UTE_yrth iy o
J i— J Jj=1 _ _ "3 U"§ 1<j<J,
2k h by WU 12
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Box method

t
tht+1
tn+%
=
weood L LTI R
0 h X._1 A X
I 2 Il
Xo X1 Xj—1 Xj XJ
pur+pDUr, UTE_yrth iy o
J i— J Jj-1 _ _ "3 U2 1<j<J,
2k h Hp WU fs 12

Y U(I)'H—l — Qh(an+1 Un+1).
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Box method. Notation.

Dan — an+1_UJp, Uj"+2 ::%(Un+1+un) 0<j<J
(L RE R Y (Ve BV RET

ar bl .
Mj_g(U)=M<Xj_%7Qh <’yMU +2),t,,+g>, 1<j<J,

-

%

[N
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Extrapolated box method

1 3U"—U”71 .
Wt (U):M<XJ-_;,Q;7 (7#2> ,t,,+§>, 1<j<J,
2

F(U) =a (g, Qn(va (2U"7 = U"2)) 1),
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Integration along characteristics.

ue(a,t) + ua(a, t) = —p(a, lu(t), t) u(a,t), 0<x < oo.

@ x(t;to,a0) =t + to — ao,
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Integration along characteristics.

ut(a, t) + ua(a, t) = —p(a, 1(t), t) u(a, t), 0< x < oo.

@ x(t; to,a0) =t + to — ao,
@ w(t; to,x0) = u(x(t; to, x0), t), t > to.
System of Ordinary Differential Equations
d
{ gt ) = —u(x(tito, 20),l.(t), t) w(tito, ), t=to,
w(to; to,a0) = u(ao, to),

Theoretical Representation of the solution

t
w(t; to, a0) = u(ao, to) exp {—/ w(x (75 to, a0) , 1.(7), T) dT}, t > to.

to
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Characteristics methods

Discretize the set of ODEs

@ A is the maximum age.
@ T is the integration final time.

A
o JEN, Xj=jh0<j<J h="7,

th=nk, 0<n<N, N= [:]
@ Discretization of
d
{ Swltitn, X)) = —u(x(6tn X)), u(e), 1) W(titn X)), £ 2 1o,
w(to; ta, X;) = u(Xj, tn),

@ Boundary condition discretization

A
(0.6 = [ ala.u(0). ) u(a. 1) da
0
@ Initial condition on the grid.
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Characteristics methods

Theoretical Representation of the solution

@ A is the maximum age.
@ T is the integration final time.

A
o JEN. X;=jh 0<j<J h="7,

t,,:nk,OgngN,N:[:}

@ Discretization of
t
(et ) = 006 t) o0 { = [ x (7t ). 7)) ).
tn
@ Boundary condition discretization

A
u(0, t) = /0 a(a, In(t), t) u(a, t) da,

@ Initial condition on the grid.
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Convergence Analysis: Consistency
Upwind method

Truncation error 7'J-”+1 at (xj, thy1):

n+l n n__ .n
nt1 Y R B n
T = + + puj.
J At Ax

If u is sufficiently smooth,

At Ax
Tj”+1 — 7utt(xj, th + 01At) — Tuxx(xj — O Ax, ty).

Consistent of first order accuracy in time and of first order
accuracy in age.
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Convergence Analysis: Convergence
Upwind method

eJ."Jrl =(1-v)e' tvel; —Atpe — At‘rj”*l,
IFO<v <1, |eft < (1—v)|el|+vlef |+ Atplel| + At ||,

e,

E" := max
j=1,...,0"

E™ < (14 Atp)E"+ At (. TBXJ|T-H+1|).
J=1,...,

J

If |7-J"| < M, for all j and n in the domain.

1
E" <exp(unAt)E® + = exp(unAt)M,;, 0<nAt<T.
o

The upwind scheme has first order of Convergence )
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Experimental Convergence and Efficiency Study

Theoretical Test Problem

u(x,z,t) =z
bxze ™ (2—2e A4 e7t)?

D)= A e A (- Q2 e ) (I e At e D)
T=Ya=1
exp(—x)

1 — exp(—A) + exp(—t)

Numerical Methods

@ Box method

@ Characteristics Method based on Runge-Kutta, Abia and
Lépez-Marcos (1995)
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Experimental Convergence - Box Method

Kk\h 3125E-02  1563E-02  7.813E-03  3.906E-03  1.953E-03

31250 | S170E-04  2020E-04  5064E-05  1266E-05  5005E-06
|3.540 8.640 |17.84 135.07 170.06

563 | 8192E-04  2044E-04  5073E-05  1266E-05  3.165E-06
|7.780 1.999|12.57 2.000|31.55 2.000|65.96 2.000|134.7

S g13E.3 | B198E-04  2049E-04  5110E-05  1268E-05  3.165E-06
|14.93 1.999|27.93 2.000|46.07 2.000|123.1 2.000|251.3

3006E.3 | 8200E-04  2051E-04  5124E-05  1278E-05  3.171E-06
|27.98 1.999(53.22 2.000|104.3 2.000|165.1 2.000|475.5

los3E.3 | 8201E-04  2051E-04  5.128E-05  1.281E-05  3.194E-06

|51.87 1.999|102.0 2.000]203.0 2.000|395.4 2.000|630.4
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Experimental Convergence - Characteristcs Scheme

k Error Order cpu-time
3.125E-2 | 4.445E-4 3.62
1.563E-2 | 1.120E-4 1.988 14.08
7.813E-3 | 2.811E-5 1.994 56.17
3.906E-3 | 7.042E-6 1.997 223.88
1.953E-3 | 1.762E-6 1.999 883.44
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Efficiency

10 T

—+—Box r=8

—+—Box, r=1

—— Characteristics
1074} 1
10°} 1

10 10 10 10
Cpu time

Error
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Outline

© Bounded Mortality — Infinite age

@ Reproductive Cycle of Monogonont Rotifera

0. Angulo Numerical integration of PDEs
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We are looking for ...

@ Treatment of discontinuities.
@ The compatibility conditions

@ The long time behaviour

0. Angulo Numerical integration of PDEs
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Reproductive Cycle of Monogonont Rotifera

Calsina & Ripoll (2002)

0. Angulo Numerical integration of PDEs
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Nondimensionalized Model for the Sexual Phase

LG E>0,  0<T<I, H(t):/ h(a, t) da
0

=Ma, r=Mt; p=jiM;§=0M; E=EBbM>, T=T/M
V(a,7) = Bv(a,t); ( ) B b M h(a,t);
Calsina & Ripoll (2002)
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Numerical Method

0k T iT Anmax 2
aop a1 aj aj aJx

Parameters
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Numerical Method

ap a1 aj ajg a Jx

Parameters

@ Introduce Anax (Suppose an integer multiple of T).

0. Angulo Numerical integration of PDEs
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Numerical Method

ap a1 aj ajg a Jx

Parameters

@ Introduce Anax (Suppose an integer multiple of T).
e Given J € N, define the step size k = T/J.

0. Angulo Numerical integration of PDEs
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Numerical Method

ap a1 aj ajg a J*
@ Introduce Anax (Suppose an integer multiple of T).
e Given J € N, define the step size k = T/J.
@ Denote J* = Apax/k.

0. Angulo Numerical integration of PDEs
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Numerical Method

t1 =k
tp=0

T fpmas 2
ap a1 ajy ajg ENE

@ Introduce Anax (Suppose an integer multiple of T).

@ Given J € N, define the step size k = T /J.

@ Denote J* = Apax/k.

o Grid points aj = j k, j=0,1,...,J" (ay =T, aj- = Anax)-

0. Angulo Numerical integration of PDEs
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Numerical Method

t1 =k
tp=0

1 fimax 2
ap a1 aj aj a Jx

@ Introduce Anax (Suppose an integer multiple of T).

@ Given J € N, define the step size k = T /J.

@ Denote J* = Apax/k.

o Grid points aj = j k, j=0,1,...,J" (ay =T, aj- = Anax)-

@ Denote J the first nonnegative integer such that 1 < aj.

0. Angulo Numerical integration of PDEs
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Numerical Method

t1 = k
to=0

1 fimax 2
aop a1 aj aj aJx

@ Introduce Anax (Suppose an integer multiple of T).
@ Given J € N, define the step size k = T /J.
@ Denote J* = Apax/k.
Grid points aj = j k, j=0,1,...,J" (ay =T, aj+ = Amax).

°
@ Denote J the first nonnegative integer such that 1 < aj.
°

Time levels t, =nk, n=0,1,...

0. Angulo Numerical integration of PDEs
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Integration along the characteristic curves

{ ve(a, t) + va(a, t) + pv(a, t) = —EH(t)v(a, t)xp,7(a)

0. Angulo Numerical integration of PDEs
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Integration along the characteristic curves

he(a, t) + ha(a, t) +dh(a,t) = 0

Integral representation along characteristics
v(a, t) e~ Jo (nFE H(E+7) xpo,m(a+7))dr

{ ve(a, t) + va(a, t) + pv(a, t) = —EH(t)v(a, t)xp,7(a)

via+ k, t+k) =
h(a+ k,t+k) = h(a,t)e ok

0. Angulo Numerical integration of PDEs
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Integration along the characteristic curves

Vt(37 t) =+ Va(av t) +p V(a7 t) = —-E H(t) V(aa t) X[O,T](a)
he(a, t) + ha(a, t) +dh(a,t) = 0
Integral representation along characteristics
otk t+K) = vat)e b (HEHED X0 (D)
h(a+ k,t+k) = h(a,t)e ok
Grid restriction and discretization
\/JI_I’_+11 _ an e*%(2/¢+E(Ik(H")+/k(H"+l)))’ 0 §J S J—1
Vi = ek J<j< s
n+1 n,— 2 *
HAT = Hpek, 0<j<J—1
Sy Sy
n n n n+1 n+1 n+1
(H) =D 5 (HLa+ H), (BT =3 2 (HJfl +H* )
j=1 j=1

0. Angulo Numerical integration of PDEs
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Discretization of the boundary condition

v(0,t) = 1
ho,8) = /1 v(a, ) da

0. Angulo Numerical integration of PDEs
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Discretization of the boundary condition

v(0,t) = 1
ho,8) = /1 v(a, ) da

Grid restriction and discretization

Vi =
n+1 n+1 n+1 n+1
HE = (e v S Ky
= J+1
G L
ag a1 aj 1 ay a - a

0. Angulo Numerical integration of PDEs
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Numerical Method

e Initial Condition: (V°, H?)

VP = w(y), 0<j<U
HY = ho(a), 0<j<JU

o General recursion: (V™ H") — (V"1 H"H)

V0n+1 = 1

_k n n+1 o
Vﬂ:rll _ \/j"e £(2p+E (I(H")+1(H ))),ogjgj_l
VAR = Vperrk J<j<ar-t

J*
k
g = (- Vvt Y 2 (vt v
j=J+1

HIE = Hie®k 0<j<J—1

0. Angulo Numerical integration of PDEs
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Numerical Method

° \/Jf'jl1 = Vierk, J<j< -1
F{,Tll — I_Ijne—5k7 OSJSJ*_]-

tn+1
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Numerical Method

+1

Von - ].

° \/Jf'jl1 = Vierk, J<j< -1
1 -0 k : *
HiT = HPe™® 0<j<J-1
J*

+1 _ (. 1 +1 +1

s M=ot B g ()

tn+1

0. Angulo Numerical integration of PDEs
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Numerical Method

vitt = 1
o { VIt = Vierk J<j<U-1

Hjjll = [P O<j<J*—1

+1 __ 1 +1 +1
o HIt! = (aj "++Z (\/j’Ll+\/j” )

Jj= J+1
o VI = v G (GO ETACLD)) N P

2] [9] [9] [?] [2] 2] [2]

“%%%@@%@%%%%%

< < >

ay aj1 1 ay a

0. Angulo Numerical integration of PDEs
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Asymptotic behaviour

Theorem (Calsina & Ripoll (2002))

For any positive values of i1, §, E and T, there is a unique
stationary solution (v*, h*) of the model given by

. e~(tEHY2 53¢ 0, T]
vi(a) = e~ (atEH"T) 3¢ [T, 00)
h'(a) = dH*e¢™®? ae]0,)
where H* (the total population of haploid males at equilibrium) is
the unique positive solution of the trascendental equation
pwé H* = e~ (WHEH*T)

The total population of virgin females at the equilibrium is
v pw+E H* ef(quE H*)T
i (pt EHY)

0. Angulo Numerical integration of PDEs
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Asymptotic behaviour

Theorem (Equilibrium Solution of the Numerical Method)

For any positive values of i, §, E, T, Amax and k there is a unique
stationary solution (M, H) of the numerical system given by

Vv e~WtEL(H) 3 g<j<
J — e—(uaj—l-Elk(H) T)7 J+ 1 SJ S J*
Hi = Hpe %%, 0<j<J

where I,(H) (the numerical total population of haploid males at
the equilibrium) is the unique positive solution of the
transcendental equation

pol(H) = e (artELH)T) (1 — ef‘;Am‘”‘) % coth (62k>

- _ _,U(Amax_a’) ’uk k
{u(aJ 1)+<1 e J) 5 coth(2>}

0. Angulo Numerical integration of PDEs
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Asymptotic behaviour

Theorem (Equilibrium Solution of the Numerical Method)

For any positive values of u, §, E, T, Amax and k there is a unique
stationary solution (V, H) of the numerical system given by

[ e WHERM) S g <<y
Vi = eatERtT Ji1<j< g
H_] — Hoeitsaja OSJSJ*

The numerical total population of virgin females at the
equilibrium can be written as

_ o~ (u+EKH))T
(V)= 1= (it El(H) k(1 El(H) K
1 K K
o WHERMANT (1 o—p(Amax—T)) X wk
+'ue (1 e ) > coth( 5 >

0. Angulo Numerical integration of PDEs
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Asymptotic behaviour

Theorem (Convergence)

For any positive values of i, §, E, T, Amax and k, denote

Original | Numerical | at Equilibrium

v¥(a) \Y Density of virgin females
h*(a) H Density fo haploid males
% Ik(V) Total population of virgin females
H* Ik(H) Total population of haploid males

There is a constant A > 0, such that, as Amax — +o0 and kK — 0

Vi(a) = Vil = O(eMm=)+O(k*), 0<j<J
h*(a) = Hj] = O(e™Mm)+O(K?), 0<j<Jr
V*— (V)] = O(eMmax) + O(Kk?)

( ) + O(k7)

H* — I(H)| = O
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Numerical Validation

Calsina & Ripoll (2002)

The unique stationary population density is stable as along as the
male-female encounter rate remains below a critical value Ey,.
Beyond this critical value the stationary population becomes
unstable and a stable limit cycle (isolated periodic orbit) appears

Numerical simulation.

o Stable case.

@ Unstable case.

0. Angulo Numerical integration of PDEs
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Stable case.

Parameters

o n=040=07E=144,T =0.3 (Eyn = 1617.928392)
@ Equilibrium populations: H* = 1.341202, V* = 1.458016
® Amax =39, J=100 (k=3x1073)

y

Initial Condition

vo(a):{ g =2, ac0,1]
0

) ac [17 Amax]
ho(a) =0, a€0,Anax]

0. Angulo Numerical integration of PDEs
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Discontinuities.

Compatibility conditions

v9(0) = —(u + E H(0)) vo(0)
h(0) = —vo(1) + (1 — 6) ho(0)

0. Angulo Numerical integration of PDEs
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Discontinuities.

Initial condition
w(a) =e 2  a€e|0,Anax
ho(a) = L=< a41) o€ [0, Anan]

0. Angulo Numerical integration of PDEs
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Unstable case.

Parameters

o 1 =0.9355,0 = 1.4463, E = 675.84, T = 0.4274
(Eyn = 501.831883)

o Equilibrium populations: H* = 0.011259, V* = 0.141869
® Amax =21.37, J =100 (k =4.274 x 1073)

<

Initial condition

~UHEHYa g e 0, T]
ef(,uawLE H* T), ac [TyAmax]

Vo(a) =

hO(a) = 5H*e_5a7 ac [OvAmax]

0. Angulo Numerical integration of PDEs
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Limit cicle

(*) Equilibrium
(-) Limit cicle obtained by Calsina & Ripoll (2002) (period
3.9163)

(.) Limit cicle obtained by the numerical method (period 3.9857)



Part Il

Size-Structured Population Models
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Non Hierarchical Overview Gambussia affinis

Outline

© Non Hierarchical models
@ Models and Numerical analysis
@ Dynamics of Gambussia affinis Population

0. Angulo

integration of PDEs
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Size-Structured population model

uﬁ—(g(x, Ig(t)7 t) U)X = _/L(Xa I,u(t)7 t) U,  Xmin < X < Xmax, t >0,

st B ) i ) — / T e bl ) b ) e,

Xmin

U(X7 0) = UO(X)7 Xmin S X S Xmax

lo(t) = / e el B e, B2E P—ome

min

[§ L. M. Abia, O. Angulo and J. C. Lépez-Marcos,
Size-structured population dynamics models and their
numerical solutions,

Discrete Contin. Dyn. Syst. B, 4 (2004) 1203-1222.

0. Angulo Numerical integration of PDEs
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Finite Difference Methods

Xmax — Xmin

@ JEN, Xj =Xnin +jh 0 < J, h= 5 ,

T

t,,:nk,OSngN,N:[k].

@ Discretization of

ur + (g(x, Ig(t), t) u)x = —p(x, 1,(t), t) u.

@ Boundary condition discretization
A satey U= ©) 0, 1)) = / a(x, Io(t), t) u(x, t) dx.

Xmin

@ Initial condition on the grid.

0. Angulo Numerical integration of PDEs
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Integration along characteristics.

Theoretical representation of the solution

,U‘*(X7 21, 22, t) = .U‘(X7 21, t) + gX(Xa 22, t)7
ue(x, t)+g(x, I (t), t) ux(x, t) = —p" (x, Lu(t), I (2), t) u(x,t), Xmin < X < Xmax-

@ x(t; to, x0),

X/(t; t07X0):g(X(t; to,Xo),Ig(t),t), t > to,
X(to; to, X()) = Xp.

@ w(t; to, x0) = u(x(t; to, x0), t), t > to.

0. Angulo Numerical integration of PDEs
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Integration along characteristics.

Theoretical representation of the solution

ue(x, t)+g(x, I (t), t) ux(x, t) = —p™ (x, Lu(t), le(2), t) u(x,t), Xmin < X < Xmax-

@ x(t;to, x0),

X/(t; t07X0) :g(X(t; t07X0)7lg(t)7t)7 tZ t07
X(to; to,Xo) = Xp.

@ w(t; to,x0) = u(x(t; to, x0), t), t > to.

d
{ Ew(t; t07X0) = —ﬂ* (X(t; t07X0)7IM(t)7lg(t)7t) W(t; t07X0)7 t > to,

w(to; to,x0) = u(xo, to),

3
w(t; to, x0) = u(xo, to) exp {—/ w (x (75 to, x0) y 1 (7), Ig(T), T) d7'}7 t > to.
to

0. Angulo Numerical integration of PDEs
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Integration along characteristics.

Theoretical representation of the solution

uf(Xv t)+g(X7 Ig(t)v t) UX(X’ t) = 7/’L*(X7 Iﬂ(t)v Ig(t)a t) U(X, t)7 Xmin < X < Xmax-

@ x(t; to, x0),

x'(t; to, x0) = g(x(t; to, x0), lg(t), t), t > to,
x(to; to, X0) = Xo-

@ w(t; to, x0) = u(x(t; to, x0), t), t > to.

T By o exp{—/t,u* (x (7 1o, %0) » 1u (1), 1o (7), 7) dT}, >t

to

0. Angulo Numerical integration of PDEs
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Characteristics methods

0JGN,XJ'O:Xmin—i-J'h,OSJ'SJ,h:XmaXi;Xminy
T
tn:nk,OgngN,N:[k]_

@ Discretization of

X' (t; tn, X[') = g(x(t; ta, X), Ig(t), t),  t > tn,
x(tn; tn, X) = X[

w(t; tn, Xi") = u(X/", ts) exp {— /t 1w (X (75t XT) S (7)), g (7)), 7) dT} .
tn
@ Boundary condition discretization
&(%min, Jg (£), 1) U(xmin, t) = / Xm a(x, In(t), ) u(x, t) dx,
@ Initial condition on the grid.

0. Angulo Numerical integration of PDEs
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Agregation Grid Nodes method (AGN)

X" = {X(;7+2 = Xmin, X2, -, X o1 Xy = Xmax } 5 -
X1n+2 _ X(;7+1 + kg (Xéﬂrl + gg(Xéﬂrl’ Qn+1(xn+1’,yg+1 Un+1)’ tn+l)7
3 Qn+1(Xn+1’7g+1 Un+1) _ Qn(xn7,yg Un)
2 )
tos + =
n+1 2 3
)<jn+2 _ )(Jn_2 42 kg()(jrtr117 Qn+1(xn+17,yg+l UnJrl)7 tn+1)7

2<j<J+n+1

n+2
Xjor2

n+1 n+1 n+1
X /x_ o
tn

X[ X" XN
0. Angulo

Numerical integration of PDEs
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Agregation Grid Nodes method (AGN)

n+2 __ n+2 __ . n+2 n+2 n+2 _
X - {XO = Xmin, Xl 1t XJ+n+17 XJ+n+2 - Xmax} ’

n+2 __ n+2 n+2 n+2 n+2 _
U2 ={Ugt, U3, Utz Ut =0} .

k
U1n+2 _ U67+1 exp (_kﬂ* (X67+1 + 5 g <)<(;1+17 Qn+1(xn+17_yg+1 UnJrl)7 tn+1> ,
3 Qn+1(xn+1,,yz+1 Un+1) _ Qn(xn’,y:l Un)
2 )
3 Qn+1(xn+1’,yg+1 Un+1) _ Qn(xn,,y; Un) . + 5
2 y bn+1 2 5
an+2 = Ul,exp (_2 Kkt ()gir117 Q! (xn+177;+1 Un+1) 7

Q" (X"“,'y;“ U”“) , tnﬂ)) . 2<j<J+n+l.

U" _ QH(XH7 a(xn’ Un) Un)
° 7 (X5, @ (X", U, L)

0. Angulo Numerical integration of PDEs
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Selection Grid Nodes method (SGN)

Selection Strategy

n+2
XJ+2

n+1
XJ+1

0. Angulo Numerical integration of PDEs
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Selection Grid Nodes method (SGN)

Selection Strategy

thi2e . .
n+2 n+2 n+2 n+2
Xo / /</+1 Xiia
thile
n+1 nt n+1 n+1
Xo X2 / /(/ Xji
th e . . °

X5 X3 X1 X
Xl xrtl — min | x — xrt
| I+1 -1 1<j<J—1 ' tl J—1 |

0. Angulo Numerical integration of PDEs
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Selection Grid Nodes method (SGN)

Selection Strategy

n+2
XJ+1

n+1
XJ

Xg X3 Xy Xj_1

0. Angulo Numerical integration of PDEs
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Convergence

0. Angulo and J. C. Lépez-Marcos,
Numerical integration of fully nonlinear size-structured
population models,
Apl. Numer. Maths., 50 (2004) 291-327.

o CFL condition (Upwind method, Lax-Wendroff method,...)

@ Positivity of solutions

@ Well defined numerical method
e Consistency

@ Nonlinear stability

@ Convergence

0. Angulo Numerical integration of PDEs
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Outline

© Non Hierarchical models

@ Dynamics of Gambussia affinis Population

0. Angulo Numerical integration of PDEs
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We are looking for ...

e Comparison of numerical shemes.

@ Long time behaviour.

[4 O. Angulo, A. Duréan and J. C. Lépez-Marcos,
Numerical study of size-structured population models: A case
of Gambusia affinis,
C. R. Biologies, 328 (2005) 387-402.

0. Angulo Numerical integration of PDEs
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Gambussia affinis

Preliminaries

@ Structured variable: length (mm.), x € [9, 63].
@ The time unit is a day.
@ Male and females are equally distributed.

@ Competition for food is only taken into account in the
mortality function.

ur + (g(x, t) u)x = —p(x, Lu(t), t)u, 9<x<63, t>0,
63

2(9, £) u(9, t) = / a(x, ) ulx, t) dx, £ >0,
9
u(x,0) = up(x), 9<x<63,

63
L(t) = /9 Yu(x) u(x,t) dx, t>0.

0. Angulo Numerical integration of PDEs
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Growth rate function, g(x,t) = g(x) T4(t)

3%
fongud, x tiempo.t
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Fertility rate function, a(x, t) = a(x) T,(t)

" datos de campo
)
18
60,
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)
o
a0, 1
08
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Mortality rate function, u(x, z,t) = p(x, z) T,(t)

70

e

2000

(T 0 12 %5
tiempo.t

Juvenites, 2
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Weigth function

longiud, x

Angulo Numerical integration of PDEs
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Initial condition

Overview Gambussia affi

34
Jongitud, x
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One year integration.

Lax-Wendroff Box method

poblacion
poblacion

0. Angulo Numerical integration of PDEs



One year integration. AGN y SGN

poblacién

Non Hierarchical

Overview

Gambussia affinis
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Non Hierarchical Overview Gambussia affinis

Long time behaviour. 10 years.
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