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Framework:

Diffusion process (x¢,t > 0) with unknown parameters in the drift

and diffusion coefficients to be estimated.

At times 0 < t; < ... <t, < ..., noisy observations

YLy Y2y e v oy Yny oo OL Ty s @y oo
o y; = 1, +¢&; (additive noise)
e y; = x4,¢; (multiplicative noise)

o L(yi|lxe,) = F(xs,,dy) (a general kernel), e.g.:
— L(y;|zs,) = Poisson(Axy,) (when x; > 0)
— L(y;|z¢,) = Bernoulli(zy,) (when z; € (0,1)).

Assumption: Equispaced instants: t;, —t;,_1 = A



Aim:
Exact likelihood = joint distribution of (y1,y2,...,Yyn)
e |. Hidden Markov models. Exact likelihood.

Focus on:

models where explicit computations are possible
e II. Gaussian diffusions with additive noise.
e III. C.I.R. Diffusions with multiplicative noise.

e [V. Other observation kernels.



I. Hidden Markov models. Exact likelihood.
Unobserved diffusion.

dry = b(0,x¢)dt + 0(0,24)dWy, x9g=n

(W4)t>0 Wiener process, 7 r.v. independent of (W).
b(0,.),0(0,.) continuous functions on R, § unknown parameter
€ O C RP.

Assumptions on b(0,.),c(6,.) s.t. unique strong solution, unique
stationary distribution my

n ~ mg = (x4, t > 0) strictly stationary, ergodic

X state space of (x;) (an interval of the real line).

= Time homogeneous Hidden Markov chain
(Ttys Ttyyeooy Ty ,...) (t; = 1A), strictly stationary, ergodic.



Transition semigroup of (z;): The transition semigroups of diffusion
processes have very interesting properties (reversibility, spectral
decomposition, eigenvalues, eigenfunctions, ergodicity, mixing

properties, ... ).
L(xyst|Ty = 2)(da) = Py y(x,dx’) = pot(x,2")dx', L(x,) = me(dx) = go(x)dz,

dr Lebesgue measure on X

t; = 1A, A > 0, equispaced instants
x; = x;n,1 > 0 unobserved Markov chain, stationary, ergodic

transition density pg a(x,2’) := po(z,2"), marginal density go(x)



Observations (y;) , y; € V, s.t. :

e (H1) (Conditional independence) Given (x;,7 > 0), the random
variables y; are independent and the conditional distribution of

y; given (z;,j > 0) only depends on z;.

e (H2) (Stationarity) The conditional distribution of y; given

x; = x does not depend on 7.

o (H3) L(yi|z; = x) = F(x,dy) = f(ylz)u(dy) for some
dominating positive measure u on ).

(H1)-(H2) = (y;) Hidden Markov Model (HMM) ((y;) not Markov!)



Proposition 1 The joint process (x;,y;) is Markov with transition

kernel

L(wirr,Yir)lrs =200 =y) = Qz,y;d’,dy’) = po(x, 2") f(y'|2")dx’ u(dy’)
="L(zit1|r; = z)(dz) X L{Yit1|zit = 2")(dy")

Moreover, the process is strictly stationary, ergodic with marginal

distribution go(x) f (yla)dwp(dy) = L(x)(dx) x L{yilar = x)(dy).

Proof : uses (H1)-(H2)-(H3)
Stationarity: immediate,
Ergodicity (not immediate): Leroux (1992). U

Moreover, (z;) a-mixing = (x;,¥y;) a-mixing.



= Exact likelihood:
Integrate the joint density of (x1,...,%n,y1,--.,Yn) W.I.1.

Llyeooyp-

Pr(0, Y15 Yn) = /n drydzy .. dwn go(1) f(a|21) | | po(@ior, ) f (gilw:).

i=2
Pr(0,y1,. .. yn|z1) = f(y1|$1)/ dzy...dxy, Hpe(xi—laxi)f(yi|$i)
xn=l i=2

= Difficulty:

Not a product as usual.



Another formula

pn(evyla O 7yn) — pl(eayl) sz(97y1|yz—1a O 7y1)7
=2

where p; (0, vy;|y;—1,-..,y1) conditional density of y; given

(Yi—15-- 5 Y1)
= Difficulty:

Each term depends on ¢ and on all the previous r.v.

Simpler to compute than the n-tuple integral:
Recursive way of computing the successive conditional distributions
using the filtering-prediction algorithm.



The filtering-prediction algorithm

o (Filtering distributions): v;;.1(dx) = L(24|ys, ..., y1),1 > 1

e (Predictive distributions):
Viji—1:.1(dr) = L(2|yi—1,...,91),% > 1, with, by convention,
V1|0:1(d33) = L(z1).

o (Marginal distributions): p;);—1.1(dy) = L(yi|yi—1,-..,91),7 > 1
with, by convention, fiq0.1(dy) = L(y1).

Filtering theory: Main interest on filtering distributions used to
estimate on-line x; (6 assumed to be known)
Likelihood inference: Main interest on marginal distributions used

to compute exact likelihood.



Recursive computation of v;;_1.1(dx), V4.1 (dz) prijia (d):

Relies on three operators:

e Up-dating operator: For y € J, v — ¢, (v) (probabilities on X),

f(ylx)v(dr)
pv(y)

oy (1) (dz) = Cwith py(y) = /X v(d2) f(ylo).

e Prediction operator: v — 1y(v) ( probabilities on &),

o) da') = o) = ([ Adz)po(a,2))a

X

e Marginal operator: For v probability on X,
v — py,(dy) = p,(y)u(dy) distribution on Y.



Theorem 1 Then, the algorithm is as follows. With
vij0.1(dx) = L(x1), for all i > 1,

(up-dating) Vi1 = @y, (Viji—1:1),
(prediction) vy} = Vi) Fo,
(margina’l) :ui|i—1:1(dy) = Priji1a (y):u(dy)
Proof: Use joint density of (z1,y1, 2,92, ..., y;) and
p(leyz, SR 7y1) X p(:L’Z, Yiy- - 7y1)7

p(fci—i—1|yi7 <. 7y1) X p(xi—}—la Yiy oo 7y1>7
P(YilYia1s- - Y1) X P(Y1, -5 Yi)-



Algorithm

vijo:1(dz) = L(z1) — vy (dz) = L(z1]y1) up-dating

vi1.1(dx) = L(x1|y1) — vop1.1(dx) = L(w2]y1) prediction

Viji—1:1(dx) = L(Ti|Yi-1, .- -, y1) = Viji1(dx) = L(24|Yi, - .., y1) up-dating
vijiin (dx) = L(x|ys, - -, Y1) — Viga)in (dr) = L(Ti41|Yi, - - -, y1) prediction

V1|0:1(d$) — 'C’(:Cl) — :u1|0:1(dy) — [’(yl) marginal
Viji—1:1(dx) = L(Ti|Yi-1, -, ¥1) = piji—1:1(dy) = L(Yilyi-1,-..,y1) marginal



Iterations: Two compound operators:

o, =1Ygoyp,, and W, =@, 0Ys.

Predictive distributions

E(aji‘yi—la S 7y1) — Yili—1:1 — (I)yi_1 ©...0 (I)yl (V1|0:1)

= marginal distributions L(y;|yi—1,--.,y1)(dy) = pu,,_,., (¥)u(dy)

Filtering distributions

E(£’L|y27 s 7y1) = Vijli:1 = \ijz ©...0 \ijQ(VHl:l)'



Link with Bayesian statistics.

Consider (f(y|r),z € X) as a parametric family with parameter x.

If v(dz) is a prior on x, ¢,(v)(dx) is the posterior on z.

Explicit computations: find a parametric family F of distributions
s.t. :

veF —p,(v)eF = F Conjugate family

Problem:
Need also:

veF —y(v) eF



Back to the likelihood

pn(eayla oo 7yn) — pl(eayl) Hp%(07y2|yz—1a R 7y1)7
=2

Now

pi(eayi‘yi—lw"ayl) — Do (y’b)

t]i—1:1

Recursive way of computing the exact likelihood provided that the
successive predictive, filtering and marginal distributions are all

explicitly computable.



Asymptotic properties of the exact maximum likelihood
estimator:

Difficult theory: usual ergodic theorems cannot be applied.
Gaussian case: already known, but still difficult.

Finite or Compact state space X: 1992 (Leroux), 2001 (Douc and
Matias).

Complete proof (general case): Cheng Der Fuh (2006).

See conditions in document.



Leroux’s contrast: A simplification.

Instead of exact likelihood:

pn(e,yl,-.-,yn)zf dx19(z1)pn(6,y1,- .., Yn|z1)
X

Pr(0,y15 - Ynlor) = f(yl|371)/ dzs . ..dzy Hpg(a:i_l,a;i)f(yda:i);

An—t i=2

use, for g a probability density on X,

p%(H,yl,---,yn)z/ dr19(x1)pn(0, Y1, - .., Ynl21).
X

Estimators based on p,(0) or any p?(6) with positive g have
analogous properties.
Well chosen g = simplified formula for pg (0) (see case of Gaussian

diffusions).



Leroux’s contrast: Idea.

p%(eayla' . ;yn) :/ dmlg(zl)pn(eayla' . 7yn‘x1) < Qn(97y17° . 7yn)
X

(0,91, Yn) = sup pn(0,y1,...,ynlz1) (1)
r1€EX

By subadditive ergodic theorem (Kingman):

1

~loggn(0,y1,- -, yn) — H(00,0) (2)
1 1
108 an(0,y1, .. yn) — —logpn(0,y1,. o ym) — 0 (3)

Difficulties:: Definition of (1), proof of (3), identification of the limit
in (2) (not given by subadditive ergodic theorem) and proof of
H(09,6y) < oo and 0 — H(fp,0) strict maximum at 6 = 6.



II. Gaussian diffusions and additive noise.
Unobserved diffusion: Ornstein-Uhlenbeck process.

dx(t) = az(t)dt + cdW;, z(0) =n
n independent of W, o < 0, 6 = (a, ¢?), mg(dx) = N(0,0%(6)),
2

= Fal

o3 (0)

n ~ mg = (x(t)) strictly stationary, Gaussian and ergodic.



For all t,h > O:
r(t+h) =e*"x(t) + Zsp,

t+h
Zop = ce®0Hh) / e=5dW, ~ N(0, (1))
t

200
Z; 1, independent of F, = o(n, Ws,s < t)



Discretized process: AR(1)

Ti = ax;—1 + Bni, xo=1m, x;=1x(iA)

o =a(A)=e® B=F(A) =2 € =1 (g, > 1) iid. N(0,1),
sequence independent of 7.
For all A,
2 2
2 C b,
) = — = :
70 = 5 T 1o

Hidden chain (z;), X = R, Py(x,dz’) = N(ax, 3%)(dz’)
Transition density:

1 (2" — ax)?

po(z,x') = N exp (— 252 ).




At time t; = 1A, the observation is
vi = x; + 6 = 2(1A) + €4

(g;) ii.d. r.v. ~ N(0,7%), sequence independent of (z(t)), v*
known.

Observation space Y = R, observation kernel F'(x,dy) = f(y|z)dy
with ;

Flvle) = = (-2
(H1)-(H2)-(H3) hold = (y;) Hidden Markov model.




Exact likelihood of (y1,...,y,): standard approach

Joint process (z;,y;) Gaussian.

= all conditional distributions Gaussian
= only need to compute conditional expectations and variances.
Problem: only hold for Gaussian models.

Exact likelihood of (y1,...,y,): HMM approach

Need to compute up-dating, prediction and marginal operators.



Proposition 2 e (Up-dating operator) If v = N'(m,o?) and
y € R, then, v, (v) = N(m(y),5?) with

e (Prediction operator) If v = N (m,c?), then
Ve(v) = vPy = N(m,5?) with

m=am, &°=03°+a’c".

e (Marginal operator) If v = N (m,c?), p,(y)dy = N (m,o? +~+?).



Proof. Elementary:

Y=X+¢e, X' =aX+n

X ~N(m,0?), e ~N(0,7%), n ~ N(0,5°)
X,n, e independent. [



Up-dating and prediction operators evolve within the parametric
family F = {v = N(m,0?)} : only need to specify the two
parameters (m, o?):

v — py(v) & (m,0%) — (1(y),67)

v —y(v) & (m,02) — (m,52)
= Kalman filter: Finite-dimensional filter.

Special feature: 62 deterministic



Corollary 1 (Operator for predictive distributions) If
v =N(m,oc?), then,

(V) = g 0 py(v) = N (1,57

with

,72

m = CIDS(m, o) =a(mdé(c?)+y(l—48(c?))), with §(c?) = o



[terations of &Y

Variance of the prediction algorithm ruled by:

’72

2+

v — ®(v) = 5% + a®vi(v) = 5% + a?v
~
11 =8 12] onto I,
Lipschitz with constant a?.
Consequently, ®’ admits a unique (explicit) fixed point o2_(8) € I
solution of

P(03) = 0o (0).

For all v € I, the n-th iterate ®% o ®% o ... ®%(v) tends with

exponential rate a®™ to o2 () as n — oo. In particular, this holds
/82

1—a2-

for v =



Predictive distributions

Vf“_lzl(y) conditional distribution of x; given vy;_1,...,y; when

L(r1)=v= V19|0:1(V)°

With v = N (m, c?), we have:

Vﬁi—lﬂ(”) = N(mﬂz‘—l:l(ea (m, 02))7 ‘7@'2|z'—1:1(97 ‘72)) =®f o -Oq)gl(V)-

Yi—1
Marginal distributions
conditional distribution of y; given y;_1,...,y1 when the initial

distribution is v = AN (m, 0?) is equal to

Pgm’a )(97 YilYi—1,---, Y1) = N<mz'|i—1:1(97 (m, 02))7 72+0i2|¢_1;1(9: 02))



Exact likelihood and related contrasts.
If L(xz1) = v =N(m,oc?), = exact likelihood is

n

p™o 0, g1, yn) = 08T 0,0 T o™ 0, yilyicts - )
1 =2

Therefore, under our assumptions, the exact likelihood corresponds

to v = my, t.e. (m,0?) = (0,02(0)).

OO (g 4y

pn(eayla“'ayn):pn 7yn)

A

Exact m.l.e. 8,, computed as a maximiser of the above function.
2

Nevertheless, the function py™ (8, y1, ..., ys) can be considered

as a contrast function and the associated maximum contrast

estimator can be studied.



Expression of the exact likelihood not simple:

n B (y@ — mi|i—1:1(9>)2
Pn (97 Y1y,---3Yn) X /72+O-722i— : 0 12 CXP [~
( 1 ) E( | 1.1( )) [ 2(’72 _I_O-i2|i—1:1(9))

]

where m;);_1.1(0), 03, ., (0) are computed iteratively.

The iterations can be solved explicitly (rather complicated sums.)
Nevertheless, exact maximum likelihood estimator is numerically
feasible. The score function and the hessian can be recursively
computed.



_ 2 _ 2
mijo:1 =M,  Oqj0.1 = 0

miji—1.1(m, %) = CIDzZ o.. .oCIDZ1 (m, o?), O',L-2|Z-_1:1(0'2) = ®%. . .0®%(0?)

5 = L
’L - .
7P+ Jz2|i—1:1(02)

1—1

mi|z~_1:1(m, 0'2) = ai_15i5i_1 ce 51m+a Z yi_l(l—&_l)al_l&_l&_g “. 5i—l—|—1 .

=1
Exact likelihood : m = 0, o2 = ( ).

Simpler choice: m = 0,02 = 02 () = fixed point of ®?
= stabilization of coefficients : 9; =9



Important Points

Even if the noise distribution is not Gaussian, the previous
likelihood can be used as a contrast and provides consistent and

asymptotically Gaussian estimators. (Ruiz (1994)).
(y;) ARMA(1,1): use spectral density and Whittle contrast.

Multidimensional extension.



ITI. Non Gaussian diffusions and Multiplicative Noise.

e Conditional distributions of z(¢;), x(t;11) or y;11 given
v1i,...,Y; need iterations of the up-dating, prediction operators.

e Iterations intractable (explicitly and numerically) unless both
operators evolve within a relatively simple class of distributions
on the state space of (x(t))

e Ideal (but exceptional) situation: this class is a parametric
family, 7.e. a family of distributions specified by a fixed number

of parameters (Kalman filter model)

= find a larger class built using mixtures of parametric
distributions (number of parameters to specify may vary along

iterations).



Notations.
Hidden chain (z;), state space X , transition kernel Py(x,dx")

(x; = x(iA), (z(t)) diffusion)
Observations y; s.t. L(y;|x; = x) = f(y|x)u(dy).

Up-dating operator (acting on distributions on X) :

v(dr) — oy (v)(dz) o< f(ylz)v(de).

Prop. coefficient™'= p, (y) = [, f(y|z)v(dz) =marginal density.

Prediction operator ¢y:

v — P(v)(dz') = vPy(dx') = /X v(dx)Py(x,dx’).



Sufficient conditions for “computable filter” .

Proposition 3 Let F = {v.,c € C} be a parametric family of
distributions on X, C C RP a set of parameters ( ¢ # ¢’ implies

V. # Ve ). Consider the enlarged class

L
ff:{yzzgiyci7LEN7Ci607051'2072.:0,1,...’_[/’20{7::

i=0 i=0
finite mixtures of distributions of F. Assume that:
e (C1)F is a conjugate class for the family y — f(y|x),z € X.
o (C2)IfveF, then vo(v) =vPy € Fy.
Then, if v € Fy, for all y, v, (v) and 1g(v) both belong to Fr.



Condition (C1):
ceC = p,v.) eF,

py(Ve) = Ve, (o), pylc) €C
= Up-dating operator: Mapping C' — C

ceC — py(c)eC. (4)

(C1) classical in Bayesian statistics = explicit Bayes estimators. (v
prior on z for parametric family of densities (y — f(y|x),z € X),
@y (V) posterior on x).

(C1): only concerns f(y|x) and F.



Condition (C2)
For c € C, 9¥y(v.) = v.Py a finite mixture of the form

L.

Vo(ve) = Z O‘i(c)VTi(C)v

i=0
where L., «;(c), 7 (c) depend on 6.

Hence, the image of v, by the prediction operator 1)y is not an

element of F, but an element of F7.
not finite-dimensional filter

Difficulty: finding the adequate class F.



Remarks.

o U= Z'L'L:O v, in F ¢ is specified by

(L,Oé(),...,OéL,C(),Cl,...,CL)
(Length, mixture coefficients, parameters).

o F C j’:"f: V. corresponds to L =0,a9 = 1,c9g = ¢
e (C2) only concerns the kernel Py(z,dx") and the class F.

(C1)-(C2) may be checked separately.



Hidden diffusion model. Prediction operator.

Aim: a diffusion process (z(t)) and a class of distributions F s.t.
(C2) fulfilled .

Diffusion model: C.I.R. diffusion
dr(t) = (20z(t) + 6c2)dt + 2cA/z(t)dW;, x(0) =1, (5)

n independent of (W;).

Whenn > 0,0 € R, ¢ >0, >0, z(t) uniquely defined and x(t) > 0
for all ¢t > 0.



Representation of (z(t)) when § > 1 integer.

Proposition 4 Let 0 > 1 integer, and consider
(&,i=1,...,0) ¢ i.i.d. Ornstein-Uhlenbeck processes

satifying
d&! = 0&ldt + cdW?, 58 = 1’
where (W', i =1,...,0) are independent Wiener

processes, x',1 =1,...,0 are real values. Then, setting

o(t) = >i (&),
dz(t) = (20x(t) + 6*)dt + 2c\/x(t)dB;,  2(0) = ) (2'),

where (By) is a Wiener process.



Well known:

Transition density p;(z,z’) is 52(t)x’ 2(“;2(2;" ,0) (even for non

integer 0) where

. 1/2
a(t) = . B(t) = (692; 1) |

When 6 < 0, unique stationary distribution 7y

2
1 9 c

molda) = G0/2 5grs)). 02(0) = 5

9 = (0,2, 5).



Transition density of (x(¢)) may be expressed as an infinite mixture
of Gamma.: for x > 0,

sz(a m)gw@)( ), (6)

1>0

weER, wi(u)=exp(—u/2) (u/2)"/il, i>0

T zi=1ts , 5
gi,a(x) — 1(:U>O) O'\/% exXp (_20-2)022'—{—5—10-%—’_5_1 ™~ G(Z+5/27 1/20- )
20/2 _ a+1
Co, =E(X]|%) = I' , X ~N(0,1
(X1 = =T (=) N(0,1)

(z=0) p(0, fl?') = go,ﬁ(t)(wl)-



The special structure of the transition density of (x(¢)) suggests to
introduce the class

f(s — {V'L',J — gi,o(x)dxai € N7 o> 0}7 gi,a(x)dx ~ G(Z + 5/27 1/202)

by convention v; g = dp for all i (as 0 — 0, v; 9 = dp).

Stationary distribution my belongs to F° (i = 0,0 = o,(9).
Extended class F°: class of mixtures of distributions V; o having the

same scale parameter:

F={v=vao =) aiVig,a=(x),a;>0,,> a;=1,0>0}.

i>0 i>0



The sub-class .7?}5 is composed of all distributions v, , having

finite-length mixture parameter, ¢.e. such that

L(a) = sup{i; oy > 0} < o0.

Note that the transition density belongs to the class F° of infinite

mixtures.



Proposition 5 (Prediction operator) Let ¥ = (0,02,5) denote the

unknown parameters. For A > 0, let PX denote the transition
operator of (x(t)) with step A.

If v; 5 belongs to FO with o > 0, then

7
%9(%;,0) — Vi,apg — a;,ayl,T(a)a
[=0

with 7%(c) = B*(A) + a*(A)o? and for 1 =0,...,1,

. l i—
ai,o _ v 1 — 62(A) 62(A)
: l 72 (0) 72 (0) '
]fO' =0, then, %9(50) = Vo,B(A)-
Hence, condition (C2) holds for the class F°




Corollary 2 If v = v, , belongs to f? with o > 0,

wﬁ(ya,o) — Va,apg — Zalylﬂ'(a)
[>0

with, for 1 >0,

_ _ 1,0
o =a(a,0) = Zozz-ozl .

P>l
Morever, L(a) = L(«). If o0 = 0, then, 1y(do) = vy g(a) and
L(a) = 0.
Hence, condition (C2) holds for the extended class f?.



Note that the moments of a distribution v, , are obtained easily:
for r > 0,

Colitr) 65—
/ZCTVQ,U(dI') _ 0_27"20% 2(i+r)+6 1. (7>

= Coits5-1

It can be simplified using the classical relation C,11 = aC,_1. In

particular, for r = 1,

/xya,a(d:c) =0?) i(2i4+6) =025 +2) i)

i>0 i>0



Observations, Noise distribution, Up-dating operator.
e Observations: y; = x;6; = x(iA)e;.

e Noise distribution ((C1) in view):
g; ~ Inv(G(k,\)),k e N* A >0, =

e xFAF
L(yilwi = z) = f(ylz)dy = 1y>0e™ v ykﬂr(k)dy ~ Az/G(k, 1)

Moments of noise distributions:

AN T(k—7)
(k)

Model for heavy tailed data (k = 1,2)

E(e") <oo iff r<k




Proposition 6 (up-dating operators)

o Ifv,, belongs to FO and o > 0, then, for all positive y,

)
Spy(yi,a) — Vi+k,py,(0) cF

with
L1 2
p2(o) o2y
If y=0 oro =0, p,(v) =0d9. Hence, Yy > 0,
2
2/ _ 9Y

Condition (C1) holds for the class F?.



The corresponding marginal distribution has density (when o > 0):

. )
Moo Cogkgiyro—1  oFyita—l

Coits—1  (y—+ 2\a2)iTh+s

If y or 0 equal 0, then, the marginal distribution is dg.



Proposition 7 (up-dating operators)

o Ifv=r,, belongs to J’:"?,

oy(V) =) & Vi, (o)

i>0

where

) i—k
Q; = &i(,0) X Lisp g 5
- Coli—k)+5—1 o

Morover, L(&) = L(a) + k except if y = 0 in which case
oy (V) =do (with &a(k) =1).
Condition (C1) holds for the extended class .7-_";2.



For the marginal distribution, we have, when o > 0,

Pv <y) — Z aipw,a (y)

i>0



Algorithm for filtering and predictive distributions.
L(z1) € ]:—? =, for all 4, v;);_1.1(dx), v;);.1 (dx) € .7:"?.
Enough to specify these distributions by their parameters:
Qili—1:1> (gi:1 (mixture parameters),
Liji—1.1 = L(oi—1:1), Lijin = L(oy);.1)  (lengths of the mixture parameters),

Oili—1:1, Oi|i:1 (scale parameters)



Proposition 8 Let vy)p.1 € .7':?. Parameters of

Viji—1:1(dx), v;);.1 (dx) recursively computed as follows.

e (up-dating) Fori > 1,

2

2 Tili—1:1Yi
7,|Z:1 n _|_2)\O_i2|i_1:1
For 3 >0,
2 j—k
, , Coits—1 Tili:1
Oéz‘|7;:1(]) X 1> ai|i—1:1(] — k) 02(‘Jk>+5 .\ o2 | '
j— - ili—1:1

L1 = Lyji—1.1 + k.
If y; =0, ai|i:1(k) =1 and L;;.1 = k.



Proposition 9 e (prediction)

(77;2+1|7;;1 = 52(A) + QQ(A)U@QMJ-

For 3 >0,

[
A 4114:1 ZO%M 1 ( ) )

[>7

j =3
0 (! <1_ [32(A)> ( 52(A)> .
«7( ) <J> 07;2+1|7;:1 U7L2+1|i21

e 0, Lz—|—1|zl _Lz|zl ]fO'

with

If (77j|Z ili:1 = 0, L7;+1|7;:1 = 0.



Proposition 10 e (Marginal distributions):

’L|Z 1:1

pV7;|'i,—1:1 (y’t) — pZ(?J%‘yZ—la R 7y1 Z aZ|'L 1: 1 ij o4im (y’t)

Since O',L-2|7;_1:1 > (B2(A) > 0, this distribution always has density.



Length of the mixture parameters.

Initial length Lqo.1,

it y1 #0, L1j1.1 = Lijoan +k and Laj1.q = Lyj1:1 = Lyjo + k.

If y1 = 0, ay)1.1(k) = 1 and ay)1.1(0) = 1 which implies Lyj;.; = 0.

More generally,
Liji—11 < Lyjoa + (1 — 1)k.

But, if new observation is 0, up-dating distribution is d¢, predictive
distribution is Gamma G(§/2,1/263%(A)) (not a mixture, length of
the mixture parameter reset to 0, scale parameter is reset to 3%(A))

= L;);—1.1 may be small: on simulations L;;_1.; = 0,1, 2.



Evolution of the scale parameter of predictive
distributions

Stochastic algorithm:

. VY
‘7@'2+1|7;:1 — Fy¢(01'2|i—1;1) with  F,(v) = 52(A) + aQ(A)y o

When 0 < 0 (a?(A) < 1), the function F), is increasing from
I =[3%(A), fag?i)] onto [

Lipschitz with constant a?(A).

= stability properties for 02.2“_1:1 (see Genon-Catalot and Kessler
(2004)).



Conditional moments are explicit.

For instance, conditional means:

Liji—11
E(xilYi-1,- - Y1) = 041 | 0 +2 Z jai-1:1(J) |

L
E(zilyis- - y1) = 0-2'2|z':1 0+ 2 Z jai1(g)
j=0



Exact likelihood. 6 < 0,6 > 1,7~ my = G(6/2, %)).

V1)0:1 = T = Voo, (9) € f? L1|0:1 = 0,0 = 04(9V)
Process (y;) stationary with marginal density

Ao Copyso1 o2k (9)yz!

P10, Y1) = Purjor (Y1) = Prg 0y (U1) = L(k) Cs—1 (y+2x02(0))k+3

L(y1) = G/G") with G, G’ independent, G ~ G(§/2,1/20%(99)) and
G' ~ G(k, ).
= y1 ~ 2\c2(9)F where F is Fisher F(6, 2k).



Exact likelihood is computed by:

pn(ﬂayla R 7yn) — pl(ﬁayl) Hp2(197y1|y2—17 R 73/1)
=2

and

Pi(0,Yilyi-1, - Y1) = Py 1 (¥) = Z Oéz'|7;—1:1(j)]9uj,gi|i_1:1 (Yi)
0<j<Liji 1

where L;;_1.1 < (¢ — 1)k (actually much smaller),
k j+3-1
Mo Cohtjy4o-1 Uz'2|z'—1:1yz'
L(k)  Cojro1 (yi+2X02, ) h+e

p'/j"’i|z'—1:1 (yz) —

(k, A in noise distribution, known. )

: : 2
Observations y;_1,...,y; and ¥ included Oilim1:1> Qili—1:1-



Properties of the exact m.l.e.

Very acurate estimations on simulated data (benchmark of
comparison : estimations from observations of (z;)). Much better

than simple moment estimators (when moments exist).

Cheng Der Fuh’s conditions for consistency and asymptotic

normality of the exact m.l.e. : work on progress

[T;—, p1(¥,y;) may be used to estimate ¥ (Ryden’s contrast)

(But identification of parameters?)

Use the same likelihood as a contrast for another distribution

noise:?



[V. Other observation kernels.

Conditional Poisson observations.

L(yi|x(t;) = x) = F(x,dy) = f(y|lz)u(dy) where p(y) =1 for all
y € N (counting measure) and

f(y|x) = exp (—Az) ()\ya:')y y € N.

The hidden diffusion process (x(t)) is given by
dr(t) = (20x(t) + d0?)dt + 20/ z(t)dW,, 2(0) =n, (8)

with  a random variable independent of the Brownian motion
(W), 6 > 1.

Conditions (C1)-(C2) for computable filters: must be checked.



Since the hidden process is the same, condition (C2) holds
Fo ={vis = gio(x)dx,i €N,o0 > 0}, (9)

where g; ,(z)dx = G(i +6/2,1/202).
Extended class F° mixtures of distributions Vi o having the same

scale parameter:

f(s :{V:Va,a :Z&iyi,aaoé: (Oé’i)aoéi Zomz&i — 170—20}

i>0 i>0

Sub-class ]:"J‘? set of v, » s.t. L(a) = sup{¢; oy > 0} < o0.
If o =0, v{a,0) = § whatever a.



Only need to check (C1) for the same class of distributions.

Proposition 11 (up-dating operator)

o Ifv,, belongs to FO, then, for all integer y

QDy(V’i,J) = Vi, (1), Ty (o)

with

1 1 1
y(z) y+1 an T2(0) T2(0) = +

(T?(0) = 1+2>\ —2—— ). The up-dating operator is therefore:

A
(1 + 2)02)1/2

(i,0) = (ty(i) =y +4,T(0) =



Proposition 12 The corresponding marginal distribution has
density, w.r.t. the counting measure on N,

Pv; . (Y) = (A T%(0))Y Cary+iyts-1 (

y! C21l—|—5—1

T O') ) 21496

o



Proposition 13 e Ifv =v,, belongs to JE]‘E,
oy (V) = Z Qi Vi 1(o)
i>0
where

A

Qg = OA‘Z'((% 0) X 1i2y Qi—y Pvi_y, o (y)

We have L(&) = L(a) +1vy. Condition (C1) holds for the class F°
and the extended class f?.



Proof. Noting that:

: 1
flr)gio(T) ox 2V exp (— (A + ﬁ)ﬂf),
we get the results.[]

Note that, here, the scale parameter does not depend on the new

observation y.



Algorithm for predictive distributions.

Vz'|z'—1:1(d90) — parameters a|;—1:1, 04)i—1:1; Lz’|i—1:1
(analogous notations for v;;.1(dx). )
Interest of conditions (C1)-(C2): Since (C2) only concerns the

hidden Markov process, there are no changes at all for the

prediction step.



Proposition 14 Assume that vy, € f?.Pammeters of

Vili—1:1(dx), v;);.1 (dx) recursively computed as follows.

e (up-dating) Fori > 1,
2
9 Tili—1:1

For 7 >0,

2 J—Yi
i : C2j45-1 Tili:1
Oéi|z':1(]) X 1]2%. Oéq;|7;_1;1(] — yz) 02(. i1 02 .
J—Yi — 1|i—1:1

The lengths of the mizture parameters satisfy
Ljjin = Liji—1:1 + Yi-



Proposition 15 e (prediction)

Uz'2+1|z':1 = 52(A) + a2(A)Uz‘2|7;:1-

For 3 >0,

k
Q4114 1 Z Q)4 1 ( ) )

k>34

0y (¥ (152< >> (5% >>’” 
’ ( ) (]> 'L2—|—1|'Ll z—|—1|7,1

The lengths of the mizture parameters satisfy
Lit1)i1 = Lijin = Lo 91+ - -+ ¥i-

with




e (Marginal distributions):

Li|i—1:1

puiu_l:l(yi) = pi(Yilyi-1,---,y1) = Z O[’L'|7:—111(j)p1/j,ai|i_1:1'
j=0



Exact likelihood.

1

0 < 0, ‘C('xl) = V1)0:1 = Ty = G(5/27 20_3(19))) = V0,0,(9)-

= (x;,y;) strictly stationary and distribution of y; given by

(A T2(05(9)))Y Cayis (T(osw»)‘s
y! Cs_1 os(0)

P1(%Y) = Puyyo, (¥) =
Exact likelihood (product of conditional densities):

pi(ﬁa yi‘yi—la s 7y1) — pl/i|i—1:1 (y’b) — Z a’iﬁ_l:l(j)p’/ﬂ”%u—l:l (yz>
0<j<Ljj;i-1:1

where L;j;_1.1 =y1+... +y;—1 and

Yi Yi 2]—|—5
A Ti1i:1 Co(y;+5)+6—1 ( Tjli:1 )

Y;! 02j+5—1

p’/jﬂm_l:l (yz) - Oili—1:1



Extension.

It is possible to consider a more general observation kernel. We
may assume that the observations y; are such that the conditional
distribution of y; given x; = x is Poisson with parameter Ax; + \g
for A\g > a constant. Then, F(z,dy) = f(y|z)u(dy) with

f(ylx) exp (—Az + o)

Y —1
YD L
— E exp (— o) ( O—i)'i' x' exp (—Ax).
i=0 Y e

The previous study can be generalized.

Note that this is a discrete time version of the continuous time
model proposed in Boel and Benes (1980).



Another model.
Hidden diffusion

dr(t) = [<0z(t)+8" (1—x(t)|dt+2[z(t) (1 —z(t)]Y2dW,,  x(0) =1,

where (W;) is a standard one-dimensional Brownian motion and 7
is a random variable with values in (0, 1) independent of (W;). This
process is known as the Wright-Fisher gene frequency diffusion
model with mutation effects. It has values in the interval (0,1). It
appears as the diffusion approximation of the discrete time and
space Wright-Fisher Markov chain and is used to model the
frequency of an allele A in a population of genes composed of two
distinct alleles A and a (see e.g. Karlin and Taylor (1981, p.
176-179 and 221-222) or Wai-Yuan (2002, Chap. 6)).



At times t1,%9,...,t, with 0 <t <ty... < t,, observations y(¢;)
such that, given the whole process (z(t)), the random variables
y(t;) are independent and the conditional distribution of y(t;) only
depends on the corresponding state variable x(t;). It is either a

binomial distribution, i.e., for N > 1 an integer,

Py(t,) = yla(t) = x) = (]yV ) A1 —)N Y, y=0,1,... N,

or, a negative binomial distribution, i.e., for m > 1 an integer,

m-+y—1
Y

P(y(t;) = ylz(t;) = x) = ( )xm(l —x)Y, y=0,1,2,....



This model is a computable filter.

All conditional distributions can be explicitly computed and exact
likelihood explicit too.

Explicit expression of the transition density not ”available”

Instead, we use the transition semigroup.



