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Framework:

Diffusion process (xt, t ≥ 0) with unknown parameters in the drift
and diffusion coefficients to be estimated.

At times 0 ≤ t1 < . . . < tn < . . ., noisy observations
y1, y2, . . . , yn, . . . of xt1 , . . . , xtn , . . .:

• yi = xti + εi (additive noise)

• yi = xtiεi (multiplicative noise)

• L(yi|xti) = F (xti , dy) (a general kernel), e.g.:

– L(yi|xti) = Poisson(λxti) (when xt > 0)

– L(yi|xti) = Bernoulli(xti) (when xt ∈ (0, 1)).

Assumption: Equispaced instants: ti − ti−1 = ∆
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Aim:

Exact likelihood = joint distribution of (y1, y2, . . . , yn)

• I. Hidden Markov models. Exact likelihood.

Focus on:

models where explicit computations are possible

• II. Gaussian diffusions with additive noise.

• III. C.I.R. Diffusions with multiplicative noise.

• IV. Other observation kernels.
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I. Hidden Markov models. Exact likelihood.
Unobserved diffusion.

dxt = b(θ, xt)dt+ σ(θ, xt)dWt, x0 = η

(Wt)t≥0 Wiener process, η r.v. independent of (Wt).
b(θ, .), σ(θ, .) continuous functions on R, θ unknown parameter
∈ Θ ⊂ Rp.
Assumptions on b(θ, .), σ(θ, .) s.t. unique strong solution, unique
stationary distribution πθ

η ∼ πθ ⇒ (xt, t ≥ 0) strictly stationary, ergodic
X state space of (xt) (an interval of the real line).

⇒ Time homogeneous Hidden Markov chain
(xt1 , xt2 , . . . , xtn

, . . .) (ti = i∆), strictly stationary, ergodic.
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Transition semigroup of (xt): The transition semigroups of diffusion
processes have very interesting properties (reversibility, spectral
decomposition, eigenvalues, eigenfunctions, ergodicity, mixing
properties, . . . ).

L(xu+t|xu = x)(dx′) = Pθ,t(x, dx′) = pθ,t(x, x′)dx′, L(xu) = πθ(dx) = gθ(x)dx,

dx Lebesgue measure on X
ti = i∆, ∆ > 0, equispaced instants
xi := xi∆, i ≥ 0 unobserved Markov chain, stationary, ergodic
transition density pθ,∆(x, x′) := pθ(x, x′), marginal density gθ(x)
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Observations (yi) , yi ∈ Y, s.t. :

• (H1) (Conditional independence) Given (xi, i ≥ 0), the random
variables yi are independent and the conditional distribution of
yi given (xj , j ≥ 0) only depends on xi.

• (H2) (Stationarity) The conditional distribution of yi given
xi = x does not depend on i.

• (H3) L(yi|xi = x) = F (x, dy) = f(y|x)µ(dy) for some
dominating positive measure µ on Y.

(H1)-(H2) ⇒ (yi) Hidden Markov Model (HMM) ((yi) not Markov!)

6



Proposition 1 The joint process (xi, yi) is Markov with transition
kernel

L((xi+1, yi+1)|xi = x, yi = y) = Q(x, y; dx′, dy′) = pθ(x, x′)f(y′|x′)dx′µ(dy′)

= ”L(xi+1|xi = x)(dx′)× L(yi+1|xi+1 = x′)(dy′)”.

Moreover, the process is strictly stationary, ergodic with marginal
distribution gθ(x)f(y|x)dxµ(dy) = L(x1)(dx)× L(y1|x1 = x)(dy).

Proof : uses (H1)-(H2)-(H3)
Stationarity: immediate,
Ergodicity (not immediate): Leroux (1992). ¤

Moreover, (xi) α-mixing ⇒ (xi, yi) α-mixing.
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⇒ Exact likelihood:
Integrate the joint density of (x1, . . . , xn, y1, . . . , yn) w.r.t.
x1, . . . , xn.

pn(θ, y1, . . . , yn) =
∫

Xn

dx1dx2 . . . dxn gθ(x1)f(y1|x1)
n∏

i=2

pθ(xi−1, xi)f(yi|xi).

pn(θ, y1, . . . , yn|x1) = f(y1|x1)
∫

Xn−1
dx2 . . . dxn

n∏

i=2

pθ(xi−1, xi)f(yi|xi)

⇒ Difficulty:
Not a product as usual.
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Another formula

pn(θ, y1, . . . , yn) = p1(θ, y1)
n∏

i=2

pi(θ, yi|yi−1, . . . , y1),

where pi(θ, yi|yi−1, . . . , y1) conditional density of yi given
(yi−1, . . . , y1).
⇒ Difficulty:
Each term depends on i and on all the previous r.v.

Simpler to compute than the n-tuple integral:
Recursive way of computing the successive conditional distributions
using the filtering-prediction algorithm.
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The filtering-prediction algorithm

• (Filtering distributions): νi|i:1(dx) = L(xi|yi, . . . , y1), i ≥ 1

• (Predictive distributions):
νi|i−1:1(dx) = L(xi|yi−1, . . . , y1), i ≥ 1, with, by convention,
ν1|0:1(dx) = L(x1).

• (Marginal distributions): µi|i−1:1(dy) = L(yi|yi−1, . . . , y1), i ≥ 1
with, by convention, µ1|0:1(dy) = L(y1).

Filtering theory: Main interest on filtering distributions used to
estimate on-line xi (θ assumed to be known)
Likelihood inference: Main interest on marginal distributions used
to compute exact likelihood.
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Recursive computation of νi|i−1:1(dx), νi|i:1(dx)µi|i:1(dx):
Relies on three operators:

• Up-dating operator: For y ∈ Y, ν → ϕy(ν) (probabilities on X ),

ϕy(ν)(dx) =
f(y|x)ν(dx)

pν(y)
, with pν(y) =

∫

X
ν(dx)f(y|x).

• Prediction operator: ν → ψθ(ν) ( probabilities on X ),

ψθ(ν)(dx′) = νPθ(dx′) = (
∫

X
ν(dx)pθ(x, x′))dx′

• Marginal operator: For ν probability on X ,
ν → µν(dy) = pν(y)µ(dy) distribution on Y.
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Theorem 1 Then, the algorithm is as follows. With
ν1|0:1(dx) = L(x1), for all i ≥ 1,

(up-dating) νi|i:1 = ϕyi(νi|i−1:1),

(prediction) νi+1|i:1 = νi|i:1Pθ,

(marginal) µi|i−1:1(dy) = pνi|i−1:1(y)µ(dy).

Proof: Use joint density of (x1, y1, x2, y2, . . . , xi, yi) and
p(xi|yi, . . . , y1) ∝ p(xi, yi, . . . , y1),
p(xi+1|yi, . . . , y1) ∝ p(xi+1, yi, . . . , y1),
p(yi|yi−1, . . . , y1) ∝ p(y1, . . . , yi).
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Algorithm

ν1|0:1(dx) = L(x1) → ν1|1:1(dx) = L(x1|y1) up-dating

ν1|1:1(dx) = L(x1|y1) → ν2|1:1(dx) = L(x2|y1) prediction

νi|i−1:1(dx) = L(xi|yi−1, . . . , y1) → νi|i:1(dx) = L(xi|yi, . . . , y1) up-dating

νi|i:1(dx) = L(xi|yi, . . . , y1) → νi+1|i:1(dx) = L(xi+1|yi, . . . , y1) prediction

ν1|0:1(dx) = L(x1) → µ1|0:1(dy) = L(y1) marginal

νi|i−1:1(dx) = L(xi|yi−1, . . . , y1) → µi|i−1:1(dy) = L(yi|yi−1, . . . , y1) marginal
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Iterations: Two compound operators:

Φy = ψθ ◦ ϕy, and Ψy = ϕy ◦ ψθ.

Predictive distributions

L(xi|yi−1, . . . , y1) = νi|i−1:1 = Φyi−1 ◦ . . . ◦ Φy1(ν1|0:1)

⇒ marginal distributions L(yi|yi−1, . . . , y1)(dy) = pνi|i−1:1(y)µ(dy)
Filtering distributions

L(xi|yi, . . . , y1) = νi|i:1 = Ψyi ◦ . . . ◦Ψy2(ν1|1:1).
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Link with Bayesian statistics.

Consider (f(y|x), x ∈ X ) as a parametric family with parameter x.
If ν(dx) is a prior on x, ϕy(ν)(dx) is the posterior on x.

Explicit computations: find a parametric family F of distributions
s.t. :

ν ∈ F → ϕy(ν) ∈ F ⇒ F Conjugate family

Problem:
Need also:

ν ∈ F → ψθ(ν) ∈ F
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Back to the likelihood

pn(θ, y1, . . . , yn) = p1(θ, y1)
n∏

i=2

pi(θ, yi|yi−1, . . . , y1),

Now
pi(θ, yi|yi−1, . . . , y1) = pνθ

i|i−1:1
(yi)

Recursive way of computing the exact likelihood provided that the
successive predictive, filtering and marginal distributions are all
explicitly computable.
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Asymptotic properties of the exact maximum likelihood
estimator:

Difficult theory: usual ergodic theorems cannot be applied.
Gaussian case: already known, but still difficult.
Finite or Compact state space X : 1992 (Leroux), 2001 (Douc and
Matias).
Complete proof (general case): Cheng Der Fuh (2006).
See conditions in document.
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Leroux’s contrast: A simplification.
Instead of exact likelihood:

pn(θ, y1, . . . , yn) =
∫

X
dx1gθ(x1)pn(θ, y1, . . . , yn|x1)

pn(θ, y1, . . . , yn|x1) = f(y1|x1)
∫

Xn−1
dx2 . . . dxn

n∏

i=2

pθ(xi−1, xi)f(yi|xi);

use, for g a probability density on X ,

pg
n(θ, y1, . . . , yn) =

∫

X
dx1g(x1)pn(θ, y1, . . . , yn|x1).

Estimators based on pn(θ) or any pg
n(θ) with positive g have

analogous properties.
Well chosen g ⇒ simplified formula for pg

n(θ) (see case of Gaussian
diffusions).
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Leroux’s contrast: Idea.

pg
n(θ, y1, . . . , yn) =

∫

X
dx1g(x1)pn(θ, y1, . . . , yn|x1) ≤ qn(θ, y1, . . . , yn)

qn(θ, y1, . . . , yn) = sup
x1∈X

pn(θ, y1, . . . , yn|x1) (1)

By subadditive ergodic theorem (Kingman):

1
n

log qn(θ, y1, . . . , yn) → H(θ0, θ) (2)

1
n

log qn(θ, y1, . . . , yn)− 1
n

log pg
n(θ, y1, . . . , yn) → 0 (3)

Difficulties:: Definition of (1), proof of (3), identification of the limit
in (2) (not given by subadditive ergodic theorem) and proof of
H(θ0, θ0) <∞ and θ → H(θ0, θ) strict maximum at θ = θ0.
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II. Gaussian diffusions and additive noise.
Unobserved diffusion: Ornstein-Uhlenbeck process.

dx(t) = αx(t)dt+ cdWt, x(0) = η

η independent of W , α < 0, θ = (α, c2), πθ(dx) = N (0, σ2
s(θ)),

σ2
s(θ) =

c2

2|α| ,

η ∼ πθ ⇒ (x(t)) strictly stationary, Gaussian and ergodic.
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For all t, h ≥ 0:
x(t+ h) = eαhx(t) + Zt,h,

Zt,h = ceα(t+h)

∫ t+h

t

e−αsdWs ∼ N (0, β2(h))

β2(h) = c2
e2αh − 1

2α
.

Zt,h independent of Ft = σ(η,Ws, s ≤ t)
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Discretized process: AR(1)

xi = axi−1 + βηi, x0 = η, xi = x(i∆)

a = a(∆) = eα∆, β = β(∆) = c2 e2α∆−1
2α , (ηi ≥ 1) i.i.d. N (0, 1),

sequence independent of η.
For all ∆,

σ2
s(θ) =

c2

2|α| =
β2

1− a2
.

Hidden chain (xi), X = R, Pθ(x, dx′) = N (ax, β2)(dx′)
Transition density:

pθ(x, x′) =
1

β
√

2π
exp (− (x′ − ax)2

2β2
).
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At time ti = i∆, the observation is

yi = xi + εi = x(i∆) + εi

(εi) i.i.d. r.v. ∼ N (0, γ2), sequence independent of (x(t)), γ2

known.
Observation space Y = R, observation kernel F (x, dy) = f(y|x)dy
with

f(y|x) =
1

γ
√

2π
exp (− (y − x)2

2γ2
).

(H1)-(H2)-(H3) hold ⇒ (yi) Hidden Markov model.
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Exact likelihood of (y1, . . . , yn): standard approach
Joint process (xi, yi) Gaussian.

⇒ all conditional distributions Gaussian
⇒ only need to compute conditional expectations and variances.
Problem: only hold for Gaussian models.

Exact likelihood of (y1, . . . , yn): HMM approach
Need to compute up-dating, prediction and marginal operators.
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Proposition 2 • (Up-dating operator) If ν = N (m,σ2) and
y ∈ R, then, ϕy(ν) = N (m̂(y), σ̂2) with

m̂(y) = σ̂2(
y

γ2
+
m

σ2
), σ̂2 =

σ2γ2

σ2 + γ2
.

• (Prediction operator) If ν = N (m,σ2), then
ψθ(ν) = νPθ = N (m̄, σ̄2) with

m̄ = am, σ̄2 = β2 + a2σ2.

• (Marginal operator) If ν = N (m,σ2), pν(y)dy = N (m,σ2 + γ2).
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Proof. Elementary:

Y = X + ε, X ′ = aX + η

X ∼ N (m,σ2), ε ∼ N (0, γ2), η ∼ N (0, β2)

X, η, ε independent. ¤
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Up-dating and prediction operators evolve within the parametric
family F = {ν = N (m,σ2)} : only need to specify the two
parameters (m,σ2):

ν → ϕy(ν) ⇔ (m,σ2) → (m̂(y), σ̂2)

ν → ψθ(ν) ⇔ (m,σ2) → (m̄, σ̄2)

⇒ Kalman filter: Finite-dimensional filter.

Special feature: σ̂2 deterministic
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Corollary 1 (Operator for predictive distributions) If
ν = N (m,σ2), then,

Φθ
y(ν) = ψθ ◦ ϕy(ν) = N (m̃, σ̃2)

with

m̃ := Φθ
y(m,σ2) = a

(
mδ(σ2) + y(1− δ(σ2))

)
, with δ(σ2) =

γ2

γ2 + σ2
,

σ̃2 := Φθ(σ2) = β2 + a2σ2δ(σ2)
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Iterations of Φθ

Variance of the prediction algorithm ruled by:

v → Φθ(v) = β2 + a2vδ(v) = β2 + a2v
γ2

γ2 + v

↑ I = [β2, β2

1−a2 ] onto I,
Lipschitz with constant a2.
Consequently, Φθ admits a unique (explicit) fixed point σ2

∞(θ) ∈ I
solution of

Φθ(σ2
∞) = σ2

∞(θ).

For all v ∈ I, the n-th iterate Φθ ◦ Φθ ◦ . . .Φθ(v) tends with
exponential rate a2n to σ2

∞(θ) as n→∞. In particular, this holds
for v = β2

1−a2 .
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Predictive distributions

νθ
i|i−1:1(ν) conditional distribution of xi given yi−1, . . . , y1 when
L(x1) = ν = νθ

1|0:1(ν).

With ν = N (m,σ2), we have:

νθ
i|i−1:1(ν) = N (mi|i−1:1(θ, (m,σ2)), σ2

i|i−1:1(θ, σ
2)) = Φθ

yi−1
◦. . .◦Φθ

y1
(ν).

Marginal distributions

conditional distribution of yi given yi−1, . . . , y1 when the initial
distribution is ν = N (m,σ2) is equal to

p
(m,σ2)
i (θ, yi|yi−1, . . . , y1) = N (mi|i−1:1(θ, (m,σ2)), γ2+σ2

i|i−1:1(θ, σ
2))
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Exact likelihood and related contrasts.
If L(x1) = ν = N (m,σ2), ⇒ exact likelihood is

p(m,σ2)
n (θ, y1, . . . , yn) = p

(m,σ2)
1 (θ, y1)

n∏

i=2

p
(m,σ2)
i (θ, yi|yi−1, . . . , y1).

Therefore, under our assumptions, the exact likelihood corresponds
to ν = πθ, i.e. (m,σ2) = (0, σ2

s(θ)).

pn(θ, y1, . . . , yn) = p
(0,σ2

s(θ))
n (θ, y1, . . . , yn).

Exact m.l.e. θ̂n computed as a maximiser of the above function.
Nevertheless, the function p(m,σ2)

n (θ, y1, . . . , yn) can be considered
as a contrast function and the associated maximum contrast
estimator can be studied.
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Expression of the exact likelihood not simple:

pn(θ, y1, . . . , yn) ∝
n∏

i=1

(γ2+σ2
i|i−1:1(θ))

−1/2 exp [− (yi −mi|i−1:1(θ))2

2(γ2 + σ2
i|i−1:1(θ))

],

where mi|i−1:1(θ), σ2
i|i−1:1(θ) are computed iteratively.

The iterations can be solved explicitly (rather complicated sums.)
Nevertheless, exact maximum likelihood estimator is numerically
feasible. The score function and the hessian can be recursively
computed.
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m1|0:1 = m, σ2
1|0:1 = σ2,

mi|i−1:1(m,σ2) = Φθ
yi−1

◦. . .◦Φθ
y1

(m,σ2), σ2
i|i−1:1(σ

2) = Φθ◦. . .◦Φθ(σ2)

δi =
γ2

γ2 + σ2
i|i−1:1(σ

2)
.

mi|i−1:1(m,σ2) = ai−1δiδi−1 . . . δ1m+a
i−1∑

l=1

yi−l(1−δi−l)al−1δi−1δi−2 . . . δi−l+1 .

Exact likelihood : m = 0, σ2 = σ2
s(θ)).

Simpler choice: m = 0, σ2 = σ2
∞(θ) = fixed point of Φθ

⇒ stabilization of coefficients : δi = δ
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Important Points

Even if the noise distribution is not Gaussian, the previous
likelihood can be used as a contrast and provides consistent and
asymptotically Gaussian estimators. (Ruiz (1994)).

(yi) ARMA(1, 1): use spectral density and Whittle contrast.

Multidimensional extension.
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III. Non Gaussian diffusions and Multiplicative Noise.

• Conditional distributions of x(ti), x(ti+1) or yi+1 given
y1, . . . , yi need iterations of the up-dating, prediction operators.

• Iterations intractable (explicitly and numerically) unless both
operators evolve within a relatively simple class of distributions
on the state space of (x(t))

• Ideal (but exceptional) situation: this class is a parametric
family, i.e. a family of distributions specified by a fixed number
of parameters (Kalman filter model)

⇒ find a larger class built using mixtures of parametric
distributions (number of parameters to specify may vary along
iterations).
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Notations.
Hidden chain (xi), state space X , transition kernel Pθ(x, dx′)
(xi = x(i∆), (x(t)) diffusion)
Observations yi s.t. L(yi|xi = x) = f(y|x)µ(dy).

Up-dating operator (acting on distributions on X ) :

ν(dx) → ϕy(ν)(dx) ∝ f(y|x)ν(dx).

Prop. coefficient−1= pν(y) =
∫
X f(y|x)ν(dx) =marginal density.

Prediction operator ψθ:

ν → ψθ(ν)(dx′) = νPθ(dx′) =
∫

X
ν(dx)Pθ(x, dx′).
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Sufficient conditions for “computable filter” .

Proposition 3 Let F = {νc, c ∈ C} be a parametric family of
distributions on X , C ⊂ Rp a set of parameters ( c 6= c′ implies
νc 6= νc′). Consider the enlarged class

F̄f = {ν =
L∑

i=0

αiνci , L ∈ N, ci ∈ C,αi ≥ 0, i = 0, 1, . . . , L,
L∑

i=0

αi = 1}

finite mixtures of distributions of F . Assume that:

• (C1) F is a conjugate class for the family y → f(y|x), x ∈ X .

• (C2) If ν ∈ F , then ψθ(ν) = νPθ ∈ F̄f .

Then, if ν ∈ F̄f , for all y, ϕy(ν) and ψθ(ν) both belong to F̄f .
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Condition (C1):
c ∈ C ⇒ ϕy(νc) ∈ F ,

⇔
ϕy(νc) = νϕy(c), ϕy(c) ∈ C

⇒ Up-dating operator: Mapping C → C

c ∈ C → ϕy(c) ∈ C. (4)

(C1) classical in Bayesian statistics ⇒ explicit Bayes estimators. (ν
prior on x for parametric family of densities (y → f(y|x), x ∈ X ),
ϕy(ν) posterior on x).
(C1): only concerns f(y|x) and F .
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Condition (C2)
For c ∈ C, ψθ(νc) = νcPθ a finite mixture of the form

ψθ(νc) =
Lc∑

i=0

αi(c)ντi(c),

where Lc, αi(c), τi(c) depend on θ.

Hence, the image of νc by the prediction operator ψθ is not an
element of F , but an element of F̄f .

not finite-dimensional filter

Difficulty: finding the adequate class F .
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Remarks.

• ν =
∑L

i=0 αiνci in F̄f is specified by
(L,α0, . . . , αL, c0, c1, . . . , cL)
(Length, mixture coefficients, parameters).

• F ⊂ F̄f : νc corresponds to L = 0, α0 = 1, c0 = c

• (C2) only concerns the kernel Pθ(x, dx′) and the class F .

(C1)-(C2) may be checked separately.
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Hidden diffusion model. Prediction operator.

Aim: a diffusion process (x(t)) and a class of distributions F s.t.
(C2) fulfilled .

Diffusion model: C.I.R. diffusion

dx(t) = (2θx(t) + δc2)dt+ 2c
√
x(t)dWt, x(0) = η, (5)

η independent of (Wt).

When η ≥ 0, θ ∈ R, c > 0, δ ≥ 0, x(t) uniquely defined and x(t) ≥ 0
for all t ≥ 0.
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Representation of (x(t)) when δ ≥ 1 integer.

Proposition 4 Let δ ≥ 1 integer, and consider

(ξi
t, i = 1, . . . , δ) δ i.i.d. Ornstein-Uhlenbeck processes

satifying

dξi
t = θξi

tdt + cdW i
t , ξ

i
0 = xi,

where (W i, i = 1, . . . , δ) are independent Wiener

processes, xi, i = 1, . . . , δ are real values. Then, setting

x(t) =
∑δ

i=1(ξ
i
t)

2,

dx(t) = (2θx(t) + δc2)dt + 2c
√

x(t)dBt, x(0) =
δ∑

i=1

(xi)2,

where (Bt) is a Wiener process.
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Well known:

Transition density pt(x, x′) is β2(t)χ′2(a2(t)x
β2(t) , δ) (even for non

integer δ) where

a(t) = eθt, β(t) = c

(
eθt − 1

2θ

)1/2

.

When θ < 0, unique stationary distribution πϑ

πϑ(dx) = G(δ/2,
1

2σ2
s(ϑ)

)), σ2
s(ϑ) =

c2

2|θ| ,

ϑ = (θ, c2, δ).
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Transition density of (x(t)) may be expressed as an infinite mixture
of Gamma: for x ≥ 0,

pt(x, x′) =
∑

i≥0

wi

(
a2(t)x
β2(t)

)
gi,β(t)(x′), (6)

u ∈ R, wi(u) = exp (−u/2) (u/2)i/i!, i ≥ 0

gi,σ(x) = 1(x>0)
1

σ
√

2π
exp (− x

2σ2
)

xi−1+ δ
2

C2i+δ−1σ2i+δ−1
∼ G(i+δ/2, 1/2σ2).

Ca = E(|X|a) =
2a/2

√
π

Γ(
a+ 1

2
), X ∼ N (0, 1)

(x = 0) pt(0, x′) = g0,β(t)(x′).
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The special structure of the transition density of (x(t)) suggests to
introduce the class

Fδ = {νi,σ = gi,σ(x)dx, i ∈ N, σ ≥ 0}, gi,σ(x)dx ∼ G(i+ δ/2, 1/2σ2)

by convention νi,0 = δ0 for all i ( as σ → 0, νi,0 ⇒ δ0).

Stationary distribution πϑ belongs to Fδ (i = 0, σ = σs(ϑ).
Extended class F̄δ: class of mixtures of distributions νi,σ having the
same scale parameter:

F̄δ = {ν = να,σ =
∑

i≥0

αiνi,σ, α = (αi), αi ≥ 0, ,
∑

i≥0

αi = 1, σ ≥ 0}.
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The sub-class F̄δ
f is composed of all distributions να,σ having

finite-length mixture parameter, i.e. such that

L(α) = sup{i;αi > 0} <∞.

Note that the transition density belongs to the class F̄δ of infinite
mixtures.
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Proposition 5 (Prediction operator) Let ϑ = (θ, σ2, δ) denote the
unknown parameters. For ∆ > 0, let Pϑ

∆ denote the transition
operator of (x(t)) with step ∆.

If νi,σ belongs to Fδ with σ > 0, then

ψϑ(νi,σ) = νi,σP
ϑ
∆ =

i∑

l=0

αi,σ
l νl,τ(σ),

with τ2(σ) = β2(∆) + a2(∆)σ2 and for l = 0, . . . , i,

αi,σ
l =

(
i

l

)(
1− β2(∆)

τ2(σ)

)l (
β2(∆)
τ2(σ)

)i−l

.

If σ = 0, then, ψϑ(δ0) = ν0,β(∆).

Hence, condition (C2) holds for the class Fδ
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Corollary 2 If ν = να,σ belongs to F̄δ
f with σ > 0,

ψϑ(να,σ) = να,σP
ϑ
∆ =

∑

l≥0

ᾱlνl,τ(σ)

with, for l ≥ 0,
ᾱl = ᾱl(α, σ) =

∑

i≥l

αiα
i,σ
l .

Morever, L(ᾱ) = L(α). If σ = 0, then, ψϑ(δ0) = ν0,β(∆) and
L(ᾱ) = 0.

Hence, condition (C2) holds for the extended class F̄δ
f .
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Note that the moments of a distribution να,σ are obtained easily:
for r ≥ 0, ∫

xrνα,σ(dx) = σ2r
∑

i≥0

αi

C2(i+r)+δ−1

C2i+δ−1
. (7)

It can be simplified using the classical relation Ca+1 = aCa−1. In
particular, for r = 1,

∫
xνα,σ(dx) = σ2

∑

i≥0

αi(2i+ δ) = σ2(δ + 2
∑

i≥0

iαi).
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Observations, Noise distribution, Up-dating operator.

• Observations: yi = xiεi = x(i∆)εi.

• Noise distribution ((C1) in view):
εi ∼ Inv(G(k, λ)), k ∈ N∗, λ > 0, ⇒

L(yi|xi = x) = f(y|x)dy = 1y>0e
−λx

y
xkλk

yk+1Γ(k)
dy ∼ λx/G(k, 1)

Moments of noise distributions:

E(εr) =
λr Γ(k − r)

Γ(k)
<∞ iff r < k

Model for heavy tailed data (k = 1, 2)
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Proposition 6 (up-dating operators)

• If νi,σ belongs to Fδ and σ > 0, then, for all positive y,

ϕy(νi,σ) = νi+k,ϕy(σ) ∈ Fδ

with
1

ϕ2
y(σ)

=
1
σ2

+
2λ
y
.

If y = 0 or σ = 0, ϕy(ν) = δ0. Hence, ∀y ≥ 0,

ϕ2
y(σ) =

σ2y

y + 2λσ2
.

Condition (C1) holds for the class Fδ.
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The corresponding marginal distribution has density (when σ > 0):

pνi,σ (y) =
λk

Γ(k)
C2(k+i)+δ−1

C2i+δ−1

σ2kyi+ δ
2−1

(y + 2λσ2)i+k+ δ
2

If y or σ equal 0, then, the marginal distribution is δ0.
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Proposition 7 (up-dating operators)

• If ν = να,σ belongs to F̄δ
f ,

ϕy(ν) =
∑

i≥0

α̂i νi,ϕy(σ)

where

α̂i = α̂i(α, σ) ∝ 1i≥k αi−k
C2i+δ−1

C2(i−k)+δ−1

(
ϕ2

y(σ)
σ2

)i−k

Morover, L(α̂) = L(α) + k except if y = 0 in which case
ϕy(ν) = δ0 ( with α̂(k) = 1).

Condition (C1) holds for the extended class F̄δ
f .
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For the marginal distribution, we have, when σ > 0,

pν(y) =
∑

i≥0

αipνi,σ (y).
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Algorithm for filtering and predictive distributions.

L(x1) ∈ F̄δ
f ⇒, for all i, νi|i−1:1(dx), νi|i:1(dx) ∈ F̄δ

f .

Enough to specify these distributions by their parameters:

αi|i−1:1, αi|i:1 (mixture parameters),

Li|i−1:1 = L(αi|i−1:1), Li|i:1 = L(αi|i:1) (lengths of the mixture parameters),

σi|i−1:1, σi|i:1 (scale parameters)
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Proposition 8 Let ν1|0:1 ∈ F̄δ
f . Parameters of

νi|i−1:1(dx), νi|i:1(dx) recursively computed as follows.

• (up-dating) For i ≥ 1,

σ2
i|i:1 =

σ2
i|i−1:1yi

yi + 2λσ2
i|i−1:1

.

For j ≥ 0,

αi|i:1(j) ∝ 1j≥k αi|i−1:1(j − k)
C2j+δ−1

C2(j−k)+δ−1

(
σ2

i|i:1
σ2

i|i−1:1

)j−k

.

If yi 6= 0,
Li|i:1 = Li|i−1:1 + k.

If yi = 0, αi|i:1(k) = 1 and Li|i:1 = k.
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Proposition 9 • (prediction)

σ2
i+1|i:1 = β2(∆) + a2(∆)σ2

i|i:1.

For j ≥ 0,
αi+1|i:1(j) =

∑

l≥j

αi|i:1(l) κ
(l)
j (∆)

with

κ
(l)
j (∆) =

(
l

j

) (
1− β2(∆)

σ2
i+1|i:1

)j (
β2(∆)
σ2

i+1|i:1

)l−j

.

If σ2
i|i:1 > 0, Li+1|i:1 = Li|i:1. If σ2

i|i:1 = 0, Li+1|i:1 = 0.
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Proposition 10 • (Marginal distributions):

pνi|i−1:1(yi) = pi(yi|yi−1, . . . , y1) =
Li|i−1:1∑

j=0

αi|i−1:1(j)pνj,σi|i−1:1
(yi).

Since σ2
i|i−1:1 ≥ β2(∆) > 0, this distribution always has density.
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Length of the mixture parameters.

Initial length L1|0:1,

if y1 6= 0, L1|1:1 = L1|0:1 + k and L2|1:1 = L1|1:1 = L1|0:1 + k.

If y1 = 0, α1|1:1(k) = 1 and α2|1:1(0) = 1 which implies L2|1:1 = 0.

More generally,
Li|i−1:1 ≤ L1|0:1 + (i− 1)k.

But, if new observation is 0, up-dating distribution is δ0, predictive
distribution is Gamma G(δ/2, 1/2β2(∆)) (not a mixture, length of
the mixture parameter reset to 0, scale parameter is reset to β2(∆))

⇒ Li|i−1:1 may be small: on simulations Li|i−1:1 = 0, 1, 2.
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Evolution of the scale parameter of predictive
distributions

Stochastic algorithm:

σ2
i+1|i:1 = Fyi(σ

2
i|i−1:1) with Fy(v) = β2(∆) + a2(∆)

vy

y + 2λv
.

When θ < 0 (a2(∆) < 1), the function Fy is increasing from

I = [β2(∆), β2(∆)
1−a2(∆) ] onto I

Lipschitz with constant a2(∆).

⇒ stability properties for σ2
i|i−1:1 (see Genon-Catalot and Kessler

(2004)).
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Conditional moments are explicit.

For instance, conditional means:

E(xi|yi−1, . . . , y1) = σ2
i|i−1:1


δ + 2

Li|i−1:1∑

j=0

jαi|i−1:1(j)


 ,

E(xi|yi, . . . , y1) = σ2
i|i:1


δ + 2

Li|i:1∑

j=0

jαi|i:1(j)


 .
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Exact likelihood. θ < 0, δ ≥ 1, η ∼ πϑ = G(δ/2, 1
2σ2

s(ϑ) )).

ν1|0:1 = πϑ = ν0,σs(ϑ) ∈ F̄δ
f L1|0:1 = 0, σ = σs(ϑ)

Process (yi) stationary with marginal density

p1(ϑ, y1) = pν1|0:1(y1) = pν0,σs(ϑ)(y1) =
λk

Γ(k)
C2k+δ−1

Cδ−1

σ2k
s (ϑ)y

δ
2−1

(y + 2λσ2
s(ϑ))k+ δ

2

L(y1) = G/G′) with G,G′ independent, G ∼ G(δ/2, 1/2σ2
s(ϑ)) and

G′ ∼ G(k, λ).
⇒ y1 ∼ 2λσ2

s(ϑ)F where F is Fisher F (δ, 2k).
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Exact likelihood is computed by:

pn(ϑ, y1, . . . , yn) = p1(ϑ, y1)
n∏

i=2

pi(ϑ, yi|yi−1, . . . , y1)

and

pi(ϑ, yi|yi−1, . . . , y1) = pνi|i−1:1(yi) =
∑

0≤j≤Li|i−1:1

αi|i−1:1(j)pνj,σi|i−1:1
(yi)

where Li|i−1:1 ≤ (i− 1)k (actually much smaller),

pνj,σi|i−1:1
(yi) =

λk

Γ(k)
C2(k+j)+δ−1

C2j+δ−1

σ2k
i|i−1:1y

j+ δ
2−1

i

(yi + 2λσ2
i|i−1:1)

j+k+ δ
2

(k, λ in noise distribution, known. )
Observations yi−1, . . . , y1 and ϑ included σ2

i|i−1:1, αi|i−1:1.
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Properties of the exact m.l.e.

Very acurate estimations on simulated data (benchmark of
comparison : estimations from observations of (xi)). Much better
than simple moment estimators (when moments exist).

Cheng Der Fuh’s conditions for consistency and asymptotic
normality of the exact m.l.e. : work on progress
∏n

i=1 p1(ϑ, yi) may be used to estimate ϑ (Ryden’s contrast)
(But identification of parameters?)

Use the same likelihood as a contrast for another distribution
noise:?
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IV. Other observation kernels.

Conditional Poisson observations.
L(yi|x(ti) = x) = F (x, dy) = f(y|x)µ(dy) where µ(y) = 1 for all
y ∈ N (counting measure) and

f(y|x) = exp (−λx) (λx)y

y!
y ∈ N.

The hidden diffusion process (x(t)) is given by

dx(t) = (2θx(t) + δσ2)dt+ 2σ
√
x(t)dWt, x(0) = η, (8)

with η a random variable independent of the Brownian motion
(Wt), δ ≥ 1.

Conditions (C1)-(C2) for computable filters: must be checked.
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Since the hidden process is the same, condition (C2) holds

Fδ = {νi,σ = gi,σ(x)dx, i ∈ N, σ ≥ 0}, (9)

where gi,σ(x)dx = G(i+ δ/2, 1/2σ2).
Extended class F̄δ mixtures of distributions νi,σ having the same
scale parameter:

F̄δ = {ν = να,σ =
∑

i≥0

αiνi,σ, α = (αi), αi ≥ 0, ,
∑

i≥0

αi = 1, σ ≥ 0}.

Sub-class F̄δ
f set of να,σ s.t. L(α) = sup{i;αi > 0} <∞.

If σ = 0, ν{α, 0) = δ0 whatever α.
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Only need to check (C1) for the same class of distributions.

Proposition 11 (up-dating operator)

• If νi,σ belongs to Fδ, then, for all integer y

ϕy(νi,σ) = νty(i),Ty(σ)

with

ty(i) = y + i and
1

T 2
y (σ)

=
1

T 2(σ)
=

1
σ2

+ 2λ

(T 2(σ) = σ2

1+2λσ2 ). The up-dating operator is therefore:

(i, σ) → (ty(i) = y + i, T (σ) =
σ

(1 + 2λσ2)1/2
).
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Proposition 12 The corresponding marginal distribution has
density, w.r.t. the counting measure on N,

pνi,σ (y) =
(λ T 2(σ))y

y!
C2(y+i)+δ−1

C2i+δ−1

(
T (σ)
σ

)2i+δ
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Proposition 13 • If ν = να,σ belongs to F̄δ
f ,

ϕy(ν) =
∑

i≥0

α̂i νi,T (σ)

where
α̂i = α̂i(α, σ) ∝ 1i≥y αi−y pνi−y,σ (y).

We have L(α̂) = L(α) + y. Condition (C1) holds for the class Fδ

and the extended class F̄δ
f .

69



Proof. Noting that:

f(y|x)gi,σ(x) ∝ xy+i−1+δ/2 exp (−(λ+
1

2σ2
)x),

we get the results.¤

Note that, here, the scale parameter does not depend on the new
observation y.
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Algorithm for predictive distributions.

νi|i−1:1(dx) → parameters αi|i−1:1, σi|i−1:1, Li|i−1:1

(analogous notations for νi|i:1(dx). )

Interest of conditions (C1)-(C2): Since (C2) only concerns the
hidden Markov process, there are no changes at all for the
prediction step.
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Proposition 14 Assume that ν1|0:1 ∈ F̄δ
f .Parameters of

νi|i−1:1(dx), νi|i:1(dx) recursively computed as follows.

• (up-dating) For i ≥ 1,

σ2
i|i:1 =

σ2
i|i−1:1

1 + 2λσ2
i|i−1:1

.

For j ≥ 0,

αi|i:1(j) ∝ 1j≥yi αi|i−1:1(j − yi)
C2j+δ−1

C2(j−yi)+δ−1

(
σ2

i|i:1
σ2

i|i−1:1

)j−yi

.

The lengths of the mixture parameters satisfy
Li|i:1 = Li|i−1:1 + yi.
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Proposition 15 • (prediction)

σ2
i+1|i:1 = β2(∆) + a2(∆)σ2

i|i:1.

For j ≥ 0,
αi+1|i:1(j) =

∑

k≥j

αi|i:1(k) κ
(k)
j (∆)

with

κ
(k)
j (∆) =

(
k

j

) (
1− β2(∆)

σ2
i+1|i:1

)j (
β2(∆)
σ2

i+1|i:1

)k−j

.

The lengths of the mixture parameters satisfy
Li+1|i:1 = Li|i:1 = L1|0:1 + y1 + . . .+ yi.
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• (Marginal distributions):

pνi|i−1:1(yi) = pi(yi|yi−1, . . . , y1) =
Li|i−1:1∑

j=0

αi|i−1:1(j)pνj,σi|i−1:1
.
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Exact likelihood.

θ < 0, L(x1) = ν1|0:1 = πϑ = G(δ/2,
1

2σ2
s(ϑ)

)) = ν0,σs(ϑ).

⇒ (xi, yi) strictly stationary and distribution of yi given by

p1(ϑ, y) = pν1|0:1(y) =
(λ T 2(σs(ϑ)))y

y!
C2y+δ−1

Cδ−1

(
T (σs(ϑ))
σs(ϑ)

)δ

Exact likelihood (product of conditional densities):

pi(ϑ, yi|yi−1, . . . , y1) = pνi|i−1:1(yi) =
∑

0≤j≤Li|i−1:1

αi|i−1:1(j)pνj,σi|i−1:1
(yi)

where Li|i−1:1 = y1 + . . .+ yi−1 and

pνj,σi|i−1:1
(yi) =

λyiσ2yi

i|i:1
yi!

C2(yi+j)+δ−1

C2j+δ−1

(
σi|i:1
σi|i−1:1

)2j+δ
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Extension.

It is possible to consider a more general observation kernel. We
may assume that the observations yi are such that the conditional
distribution of yi given xi = x is Poisson with parameter λxi + λ0

for λ0 > a constant. Then, F (x, dy) = f(y|x)µ(dy) with

f(y|x) = exp (−λx+ λ0)
(λx+ λ0)y

y!

=
y∑

i=0

exp (−λ0)
λy−i

0 λi

(y − i)!i!
xi exp (−λx).

The previous study can be generalized.

Note that this is a discrete time version of the continuous time
model proposed in Boel and Benes (1980).
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Another model.
Hidden diffusion

dx(t) = [−δx(t)+δ′(1−x(t))]dt+2[x(t)(1−x(t))]1/2dWt, x(0) = η,

where (Wt) is a standard one-dimensional Brownian motion and η
is a random variable with values in (0, 1) independent of (Wt). This
process is known as the Wright-Fisher gene frequency diffusion
model with mutation effects. It has values in the interval (0, 1). It
appears as the diffusion approximation of the discrete time and
space Wright-Fisher Markov chain and is used to model the
frequency of an allele A in a population of genes composed of two
distinct alleles A and a (see e.g. Karlin and Taylor (1981, p.
176-179 and 221-222) or Wai-Yuan (2002, Chap. 6)).
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At times t1, t2, . . . , tn with 0 ≤ t1 < t2 . . . < tn, observations y(ti)
such that, given the whole process (x(t)), the random variables
y(ti) are independent and the conditional distribution of y(ti) only
depends on the corresponding state variable x(ti). It is either a
binomial distribution, i.e., for N ≥ 1 an integer,

P (y(ti) = y|x(ti) = x) =
(
N

y

)
xy(1− x)N−y, y = 0, 1, . . . , N,

or, a negative binomial distribution, i.e., for m ≥ 1 an integer,

P (y(ti) = y|x(ti) = x) =
(
m+ y − 1

y

)
xm(1− x)y, y = 0, 1, 2, . . . .
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This model is a computable filter.

All conditional distributions can be explicitly computed and exact
likelihood explicit too.

Explicit expression of the transition density not ”available”

Instead, we use the transition semigroup.
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