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Linear systems evolution: exponential matrix

Time-invariant, linear systems (ODE models):

ẋ(t) = Ax(t), x(0) = x0 x(t) ∈ IRn, A ∈ IRn×n

Solution: the state-transition matrix is the exponential of matrix A

x(t) = eAtx0 eAt =
∞∑

k=0

Ak tk

t!

How to compute the exponential matrix: Spectral Decomposition:

A =
n∑

i=1

λiuivT
i

Ak = UΛk U−1

Ak+1 = A · UΛk U−1 = UΛU−1 · UΛk U−1 = UΛ · Λk U−1 = UΛk+1U−1
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Linear systems evolution: exponential matrix

Time-invariant, linear systems (ODE models):

ẋ(t) = Ax(t), x(0) = x0 x(t) ∈ IRn, A ∈ IRn×n

Solution:

x(t) = eAtx0 eAt =
∞∑

k=0

Ak tk

t!

By computation:

eAt =
∞∑

k=0

Ak tk

k !
=
∞∑

k=0

UΛk U−1tk

k !
= U

(
∞∑

k=0

Λk tk

k !

)
U−1 = UeΛtU−1

eΛt =

λ1 O
. . .

O λn

 =⇒ eAt =
n∑

i=1

eλi tuivT
i
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Linear systems evolution: natural modes

Time-invariant, linear systems (ODE models):

ẋ(t) = Ax(t), x(0) = x0 x(t) ∈ IRn, A ∈ IRn×n

Solution: x(t) = UeΛtU−1x0 =
n∑

i=1

eλi tuivT
i x0

Decomposition of the initial state x0:

x0 = c1u1 + · · ·+ cnun = Uα, α = [c1 · · · cn]T

Natural modes of the system:

x(t) = UeΛtU−1Uα = UeΛtα =
n∑

i=1

eλi tciui

Aperiodic natural modes: λ ∈ IR: eλtcu

pasquale.palumbo@iasi.cnr.it Lipari 2009, Summer School on BioMathematics



Linear systems evolution: natural modes

Time-invariant, linear systems (ODE models):

ẋ(t) = Ax(t), x(0) = x0 x(t) ∈ IRn, A ∈ IRn×n

Solution: x(t) = UeΛtU−1x0 =
n∑

i=1

eλi tuivT
i x0

Decomposition of the initial state x0:

x0 = c1u1 + · · ·+ cnun = Uα, α = [c1 · · · cn]T

Natural modes of the system:

x(t) = UeΛtU−1Uα = UeΛtα =
n∑

i=1

eλi tciui

Aperiodic natural modes: λ ∈ IR: eλtcu

pasquale.palumbo@iasi.cnr.it Lipari 2009, Summer School on BioMathematics



Linear systems evolution: natural modes

Time-invariant, linear systems (ODE models):

ẋ(t) = Ax(t), x(0) = x0 x(t) ∈ IRn, A ∈ IRn×n

Periodic natural modes: λ1/2 = ±jω, c1/2 = ρe±jθ, u1/2 = ua ± jub

ejωtcu + e−jωtc?u? = 2ρ
(

cos(ωt + θ)ua − sin(ωt + θ)ub

)
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Linear systems evolution: natural modes

Time-invariant, linear systems (ODE models):

ẋ(t) = Ax(t), x(0) = x0 x(t) ∈ IRn, A ∈ IRn×n

Pseudo-periodic natural modes:

λ1/2 = α± jω c1/2 = ρe±jθ u1/2 = ua ± jub

eα+jωtcu + eα−jωtc?u? = 2ρeαt
(

cos(ωt + θ)ua − sin(ωt + θ)ub

)
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Linear systems stability

Time-invariant, linear systems (ODE models):

ẋ(t) = Ax(t), x(0) = x0 x(t) ∈ IRn, A ∈ IRn×n

Explicit solution:

x(t) =
n∑

i=1

eλi tciui

A linear system is stable if and only if all its eigenvalues have
non-positive real part

A linear system is asymptotically stable if and only if all its eigenvalues
have (strictly) negative real part (Hurwitz matrix)

A linear system is unstable if just one eigenvalue has positive real part

Asymptotic stability for linear system is always global and exponential
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Linear systems stability

Time-invariant, linear systems (ODE models):

ẋ(t) = Ax(t), x(0) = x0 x(t) ∈ IRn, A ∈ IRn×n

Stability for linear systems is all about the real part of the eigenvalues:

Routh-Hurwitz Criterion
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Linear systems stability

Routh-Hurwitz Criterion

p(λ) = αnλ
n + αn−1λ

n−1 + · · ·+ α1λ+ α0

n

n − 1

n − 2

n − 3
...

2

1

0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

αn αn−2 αn−4 αn−6 · · ·
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a2
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n−7 · · ·

...
...

an−2
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0
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an
0
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Linear systems stability

Routh-Hurwitz Criterion

p(λ) = λ5 + λ4 + λ3 + λ2 + λ+ 2
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2 =

1 + ε

ε
=

1
ε
, a4

1 = −1− 2ε2 = −1.

2 variations =⇒ 2 roots with positive real part
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Planar linear systems

Time-invariant, linear systems (ODE models):

ẋ(t) = Ax(t), x(0) = x0 x(t) ∈ IR2, A ∈ IR2×2

Distinct real, negative eigenvalues: the origin is a STABLE NODE

x(t) = eλ1tc1u1 + eλ2tc2u2, λ1, λ2 ∈ IR, λ1 < λ2 < 0
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Planar linear systems

Time-invariant, linear systems (ODE models):

ẋ(t) = Ax(t), x(0) = x0 x(t) ∈ IR2, A ∈ IR2×2

Distinct real, positive eigenvalues: the origin is a UNSTABLE NODE

x(t) = eλ1tc1u1 + eλ2tc2u2, λ1, λ2 ∈ IR, λ1 > λ2 > 0
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Planar linear systems

Time-invariant, linear systems (ODE models):

ẋ(t) = Ax(t), x(0) = x0 x(t) ∈ IR2, A ∈ IR2×2

Distinct real, positive and negative eigenvalues: a SADDLE NODE

x(t) = eλ1tc1u1 + eλ2tc2u2, λ1, λ2 ∈ IR, λ1 < 0 < λ2
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Planar linear systems

Time-invariant, linear systems (ODE models):

ẋ(t) = Ax(t), x(0) = x0 x(t) ∈ IR2, A ∈ IR2×2

Complex eigenvalues, with negative real part: a STABLE FOCUS

x(t) = 2ρeαt
(

cos(βt + θ)uα − sin(βt + θ)uβ
)
, α < 0
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Planar linear systems

Time-invariant, linear systems (ODE models):

ẋ(t) = Ax(t), x(0) = x0 x(t) ∈ IR2, A ∈ IR2×2

Complex eigenvalues, with positive real part: an UNSTABLE FOCUS

x(t) = 2ρeαt
(

cos(βt + θ)uα − sin(βt + θ)uβ
)
, α > 0
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Planar linear systems

Time-invariant, linear systems (ODE models):

ẋ(t) = Ax(t), x(0) = x0 x(t) ∈ IR2, A ∈ IR2×2

Complex eigenvalues, with null real part: a CENTER

x(t) = 2ρ
(

cos(βt + θ)uα − sin(βt + θ)uβ
)
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Planar linear systems

Time-invariant, linear systems (ODE models):

ẋ(t) = Ax(t), x(0) = x0 x(t) ∈ IR2, A ∈ IR2×2

Distinct real eigenvalues: one null, the other negative

x(t) = c1u1 + eλtc2u2, λ < 0
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Planar linear systems

Time-invariant, linear systems (ODE models):

ẋ(t) = Ax(t), x(0) = x0 x(t) ∈ IR2, A ∈ IR2×2

Distinct real eigenvalues: one null, the other positive

x(t) = c1u1 + eλtc2u2 λ > 0
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Multidimensional linear systems

Time-invariant, linear systems (ODE models):

ẋ(t) = Ax(t), x(0) = x0 x(t) ∈ IRn, A ∈ IRn×n

All distinct, real, negative eigenvalues:
– the origin is a STABLE NODE

All distinct, real, positive eigenvalues:
– the origin is an UNSTABLE NODE

All distinct, real, eigenvalues, some positive, some negative:
– the origin is a SADDLE NODE

All distinct eigenvalues, some complex, all with negative real part:
– the origin is a STABLE FOCUS

All distinct eigenvalues, some complex, all with positive real part:
– the origin is an UNSTABLE FOCUS

pasquale.palumbo@iasi.cnr.it Lipari 2009, Summer School on BioMathematics



Nonlinear systems

Time-invariant, nonlinear systems (ODE models):

ẋ(t) = f
(
x(t)

)
, x(0) = x0 x(t) ∈ IRn, f : IRn 7→ IRn

Taylor series expansion

ẋ(t) = f (xe) + J(xe)
(
x(t)− xe

)
+ h
(
x(t)− xe

)

J(x) =
df
dx

=


∂f1
∂x1

· · · ∂f1
∂xn

...
. . .

...
∂fn
∂x1

· · · ∂fn
∂xn

 lim
‖z‖7→0

∥∥h
(
‖z‖
)∥∥

‖z
∥∥ = 0

Displacement z(t) = x(t)− xe dynamics:

ż(t) = J(xe)z(t) + h
(
z(t)

)
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