QUALITATIVE BEHAVIOR OF SOLUTIONS:

Natural Modes
Qualitative Behavior of Linear Systems

Pasquale Palumbo
IASI-CNR Viale Manzoni 30, 00185 Roma, ltaly

CNR-IASI"A. Ruberti"

) Laboratorio di
’ Biomatematica

e NUs)
u\|\ CONSIGLIO NAZIONALE DELLE RICERCHE

‘L/\g. IsTiTuTo DI ANALISI DEI SISTEMI ED INFORMATICA

Summer School on Parameter Estimation in Physiological Models

Lipari, September 2009

pasquale.palumbo@iasi.cnr.it Lipari 2009, Summer School on BioMathematics



Linear systems evolution: exponential matrix

Time-invariant, linear systems (ODE models):
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Linear systems evolution: exponential matrix

Time-invariant, linear systems (ODE models):

How to compute the exponential matrix: Spectral Decomposition:

n
A= Z /\,‘U,‘V,’T
i=1

o AF = UN U
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Linear systems evolution: exponential matrix

Time-invariant, linear systems (ODE models):
x(t)=Ax(t), x(0)=x x(t)eR", AcR"™"

y

A A = AR
x(t) = e*'xo M=) —

@ By computation:

T Ky —1 4k o0 akik
Al — At —ZUAUt—U<ZAt>U1—UeMU1
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k=0 k=0 k=0
A o .
eM = — eA’ = Z e)‘itui\/;T
o An =
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Linear systems evolution: natural modes

Time-invariant, linear systems (ODE models):

x(t) = Ax(t), x(0)=x  x(t) eR", AeR™"

n
@ Solution: x(t) = UeMU'x = ZGA"'U/V;TXO
i=1
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Linear systems evolution: natural modes

Time-invariant, linear systems (ODE models):

x(t) = Ax(t), x(0)=x  x(t) eR", AeR™"

n
@ Solution: x(t) = UeMU'x = ZGA"'U/V;TXO

i=1
@ Decomposition of the initial state xo:
Xo:C1U1+~~~+CnUn:UOé, a:[C1 Cn]T
@ Natural modes of the system:

n
x(t) = Ue"U™"Ua = Ue"a =Y eMeu
i=1

o Aperiodic natural modes: A c R: ¢

cu
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Linear systems evolution: natural modes

Time-invariant, linear systems (ODE models):

X(t) = Ax(t), x(0)=x  x(t) eR", AcR™"

@ Periodic natural modes: \;)» = +jw, Ci2 = pet?, Ui = st jup

é“'cu+ e crut = 2p< cos(wt + 0)ua — sin(wt + G)Ub)
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Linear systems evolution: natural modes

Time-invariant, linear systems (ODE models):

x(t) = Ax(t), x(0)=x0  x(t) eR", AecR™"

@ Pseudo-periodic natural modes:

Mp=atjo  cp=pe  Up=ustju

e* ey + e* ety = 2pea’(cos(wt + 0)u, — sin(wt + 9)ub)
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Linear systems stability

Time-invariant, linear systems (ODE models):

x(t) = Ax(t), x(0) = xo x(t) e R", AcR™"

y

Explicit solution:
n
x(t)=>_ ey
i=1

@ Alinear system is stable if and only if all its eigenvalues have
non-positive real part

@ A linear system is asymptotically stable if and only if all its eigenvalues
have (strictly) negative real part (Hurwitz matrix)

@ Alinear system is unstable if just one eigenvalue has positive real part

@ Asymptotic stability for linear system is always global and exponential
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Linear systems stability

Time-invariant, linear systems (ODE models):

x(t) = Ax(t), x(0)=x  x(t) €R", AcR™"

Stability for linear systems is all about the real part of the eigenvalues:

Routh-Hurwitz Criterion

Edward John Routh (1831-1907)
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Linear systems stability

Routh-Hurwitz Criterion

P(A) = an\ + an 1 A" g d + o

n—2 n—2
2 |a ag
n—1
1 a
n
0 ag
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Linear systems stability

Routh-Hurwitz Criterion

P(A) = an\ + an 1 A" g d + o

n—2 n—2
2 |a ag
n—1
1 a
n
0 ag
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Linear systems stability

Routh-Hurwitz Criterion

P(A) = an\ + an 1 A" g d + o
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Linear systems stability

Routh-Hurwitz Criterion

P(A) = an\ + an 1 A" g d + o

n—1 Qp-3 CQp-5 \Qnp-7

n—2 n—2
2 |a ag
n—1
1 a
n
0 ag
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Linear systems stability

Routh-Hurwitz Criterion

P(A) = an\ + an 1 A" g d + o

n Qn Qp—2 OQp-4 Op_p
n—1 Qpn-5 Qp-7
n—2lk & ¢

n—2 n—2
2 |a ag
n—1
1 a
n
0 ag
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Linear systems stability

Routh-Hurwitz Criterion

P(A) = an\ + an 1 A" g d + o

n Qn Qp—2 OQp-4 Op_p
n—1 Qn-3 Qn-7
2
n—2\@ an_4

n—2 n—2
2 |a ag
n—1
1 a
n
0 ag
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Linear systems stability

Routh-Hurwitz Criterion

PA) =X+ XM+ X+ A% a 42

W h O
[ P G
oA aa
N =
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Linear systems stability

Routh-Hurwitz Criterion

PA) =X+ XM+ X+ A% a 42

501 1 1
1 2
501 1 1 gg_
41 1 2 ol 1 o
3|0 —1 E
11—1
0] 2
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Linear systems stability

Routh-Hurwitz Criterion

PA) =X+ XM+ X+ A% a 42

51 11
1 2
51 1 1 g .
41 1 2 IR
310 -1 E
11—1
0 2
g-1te_ 1 al=—1-22=1.
13 )
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Linear systems stability

Routh-Hurwitz Criterion

PA) =X+ XM+ X+ A% a 42

5/ 1 1
1 2

511 1 1 g .
41 1 2 o 1o
3/0 —1 E

11—1

0 2

g-1te_ 1 al=—1-22=1.

13 )

2 variations = 2 roots with positive real part
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Planar linear systems

Time-invariant, linear systems (ODE models):
x(t) e R, AeR??

x(t) = Ax(t), x(0) = xo

v

Distinct real, negative eigenvalues: the origin is a STABLE NODE
A <X<O

X(t) = 9A1IC1 uy + e*2'02u2, A, A2 €ER,
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Planar linear systems

Time-invariant, linear systems (ODE models):
x(0)=x  x(t)eR?  AecR¥?

X() = Ax(t),

Distinct real, positive eigenvalues: the origin is a UNSTABLE NODE

A, A2 €ER, A >X>0

X(t) = 9A1IC1 uy + e*2'02u2,

RN
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Planar linear systems

Time-invariant, linear systems (ODE models):
x(0)=x  x(t)eR?  AecR¥?

X() = Ax(t),

v

Distinct real, positive and negative eigenvalues: a SADDLE NODE

X(t) = 9A1IC1 u + e*2'02u2, A, A2 €ER, A <0< X

[ TR T
Ttre e, ..
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x(t) e R®, AeR®?

x(0) = xo

Ax(t),

x(t)

Complex eigenvalues, with negative real part: a STABLE FOCUS

—sin(Bt + 9)uﬁ), a<0

2pe™! ( cos(ft + 0)ua

x(t)
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Planar linear systems

Time-invariant, linear systems (ODE models):
x(t) e R®, AeR®?

x(t) = Ax(t), x(0) = xo

v

Complex eigenvalues, with positive real part: an UNSTABLE FOCUS

x(t) = 2pe""(cos(ﬁt 1 0)Ua — sin(Bt + e)uﬁ), a>0
v
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x(0) = xo x(t

Ax(t),

x(t)

Complex eigenvalues, with null real part: a CENTER

)ua — sin(Bt + 9)U5)

Zp(cos(ﬁt 10
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Planar linear systems

Time-invariant, linear systems (ODE models):

x() = Ax(t), x(0)=x0  x(t) € R?

Distinct real eigenvalues: one null, the other negative
A<0

X(t) = Ciuy + e“czu2,

A € R?¥?
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Planar linear systems

Time-invariant, linear systems (ODE models):
x(0)=x  x(t)eR?  AecR¥?

X(t) = Ax(t),

v

Distinct real eigenvalues: one null, the other positive

x(t) = crus + eMoots A>0
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L~ T e e
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Multidimensional linear systems

Time-invariant, linear systems (ODE models):

x(t) = Ax(t), x(0) = xo x(t) e R", AcR™"

All distinct, real, negative eigenvalues:
— the origin is a STABLE NODE

@ All distinct, real, positive eigenvalues:
— the origin is an UNSTABLE NODE

All distinct, real, eigenvalues, some positive, some negative:
— the origin is a SADDLE NODE

All distinct eigenvalues, some complex, all with negative real part:
— the origin is a STABLE FOCUS

@ All distinct eigenvalues, some complex, all with positive real part:
— the origin is an UNSTABLE FOCUS
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Nonlinear systems

Time-invariant, nonlinear systems (ODE models):

x(t) = f(x(1)), x(0)=xo  x(t) eR", f:R"— R"

4

Taylor series expansion

x(t) = f(xe) + J(xe) (X(t) — Xe) + h(x(t) — Xe)

) o o [[AClIz11) ||
Jx)=—"—=1|: - o
x| Iz~ ||z]

O . O
o, Oxp

pasquale.palumbo@iasi.cnr.it Lipari 2009, Summer School on BioMathematics



Nonlinear systems

Time-invariant, nonlinear systems (ODE models):

x(t) = f(x(1)), x(0)=xo  x(t) eR", f:R"— R"

4

Taylor series expansion

x(t) = f(xe) + J(xe) (X(t) — Xe) + h(x(t) — Xe)

) o o [[AClIz11) ||
Jx)=—"—=1|: - o
x| Iz~ ||z]

O . O
o, Oxp

@ Displacement z(t) = x(t) — xe dynamics:

z(t) = J(xe)z(t) + h(z(t))
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